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Chapter 1

Introduction

1.1 Overview

In classical algebra, we study sets, monoids, groups, abelian groups, rings. Each of these structures are
built upon the other. In higher-level courses, we may study groupoids, which are examples of categories.
Categories, more generally, can be seen as generalizations of monoids. Monoidal categories, which are
categories with extra structure, are a generalization of rings, in some sense.

In higher algebra, we study spaces, Eq-spaces, spectra, E;-ring spectra. Underlying these objects we
have oco-groupoids, co-categories, and monoidal co-categories. When we study spaces, we do not consider them
up to homeomorphism, but instead up to weak homotopy equivalence. Thus, when we refer to “studying
spaces,” we will always mean that we are studying topological spaces up to weak homotopy equivalence. We
now give a synthetic definition of what an co-category is; we will circle back to a technical definition later.

INFINITY
CATEGORIEY

What is an co-category? An oco-category (or (co, 1)-category) € should consist of:

1. a class of objects,
2. a class of morphisms so that Home(X,Y) is a space, considered up to weak homotopy equivalences

3. a class of n-morphisms for n > 2, where for instance 2-morphisms are morphisms of 1-morphisms,

3-morphisms are morphisms 2-morphisms, etc.



4. morphisms can be composed in a suitable way,
5. n-morphisms for n > 2 are invertible in some sense.

An oco-groupoid (or (co,0)-category) is an oco-category where all the 1-morphisms are also invertible in
some sense.
Why study spaces up to weak homotopy equivalence? By the Yoneda lemma, we have

X =Y © Homrop (A, X) = Hompop(A,Y)

for all A € Top. Figuring out Hom(A, X) up to bijection for all A is very difficult, so we prefer to study
continuous maps up to homotopy. If X and Y are nice enough, we say that f ~ g in Hom(X,Y) if there is
some path I — Map(X,Y) so that 0 — f and 1 +— g. We define [X,Y] = Homrpop(X,Y)/~ Then X =Y if
and only if [A, X] = [A,Y] for all A € Top.

We may then ask when [A, -] : Top, — Set factors through Grp or Ab. One can show that [A, —] factors
through Grp if and only if A is a co-H-group in Top. That is, there are maps

A—>AVA

A > %,
which are coassociative, counital, coinvertible.

Example 1.1.1. One example of a co-H-space is §" for n > 1. The map §" — S$" v §" is the pinch map,
and the counit is the unique map §" — =.

Definition 1.1.2. A space X is weakly homotopy equivalent to Y, written X ~ Y, if there is a map X — Y
inducing an isomorphism
ma(X) = [$", X]. = [$", Y] = mn(Y),

for all n > 0 (for n > 1 this is a group isomorphism).
Note that if X ~ Y, then H,(X) = H,(Y) for any n.

Theorem 1.1.3. (Cellular approximation) For any X in Top, there exists a CW complex X with a canonical
map X 5 X that is a weak equivalence.

Theorem 1.1.4. (Whitehead) If X,Y are CW complexes, then X SYisa homotopy equivalence if and
only if X — Y is a weak homotopy equivalence.

Exercise 1.1.5. Find spaces X and Y which are weakly homotopy equivalent but not homotopy equivalent.

1.2 Categories

1.2.1 A first definition

The definition of a category is versatile. It generalizes monoids, groups, graphs, and posets, to name a few.
At the same time, the definition captures also the systematic approach in mathematics in which we introduce
a mathematical structure (e.g. groups) and study a classification of all possible structures (e.g. determine
all groups up to group isomorphisms).

Definition 1.2.1. A category C consists of the following data.

1. A class Ob(C). Its elements are called objects of the category €. We write X € C instead of X € Ob(C).
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2. For each ordered pair (X,Y) of objects in €, we have a set Home(X,Y). Its elements are called
morphisms, arrows or maps from X to Y. The set Home(X,Y) is referred as the hom-set of X and Y

in €. An element f € Home(X,Y) is written as f : X — Y or as X i> Yand wesay f: X - Y isa
map in €. Given a map f: X — Y in C, then X is said to be the domain of f and Y the codomain of

f. We denote Mor(C) = ]_[ Home (X, Y) the class of all morphisms in C.
X, YeC

3. Given objects X, Y and Z in C, we have a function on the hom-sets:

Home(Y,Z) x Home(X,Y) — Home(X,Z)
(& f) r— gof
The map go f: X — Z is called the composition or composite of f and g.
The above data is subject to the following axioms.

Associativity Given f: X - Y, g:Y —> Z and h: Z — W maps in C, then:
(hog)of=ho(gof).

Unitality For each object X € €, there exists a map idx : X — X in C, called the identity map on X, such
that:

o idyo f=f, for all maps f: Y — X in C;
e goidx =g, for all maps g: X —» Y in C.

The composition allows us to uniquely fill in the diagram:

x Ly

N
s
gof “x

z

Associativity allows to unambiguously fill the diagram below with the dotted line:

w
RIPN
hogof | h
|
G ) e —— > Z
I
hOg
|
l
Y
The unitality allows us to extend any map f: X — Y:
S
X —Y X X
AN AN f
AN ‘ f \,(l
Y Y

Remark 1.2.2. What we have defined above is what is usually called a locally small category. If we require
Home(X,Y) to only be a class instead of set, for each pair of objects X and Y, then we say we have a large
category.



Exercise 1.2.3. Show that the identity morphism idy is unique in every category. In other words, given an
object X, if there exists a map @ : X — X such that @ o f = f for all maps f:Y — X in € and goa = g for
all maps g : X —» Y in G, then « = idy.

Definition 1.2.4. Given a category €, amap f : X — Y in C is called an isomorphism if there exists a map
g:Y — X in C such that: fog=idy and go f =idx. If such g exists, it is denoted f~! and is called the
inverse of f. We say two objects X and Y in € are isomorphic if there exists an isomorphism f: X — Y. In
this case, we write X =Y.

Exercise 1.2.5. Show that the inverse of an isomorphism is necessarily unique.

Exercise 1.2.6. Show that composition preserves isomorphisms: given isomorphisms f : X — Y and
g:Y — Z in a category C, then go f : X — Z is an isomorphism in €. Conclude that the relation X =Y
defines an equivalence relation on Ob(C).

Example 1.2.7. The category of sets, denoted Set, is defined as follows.

1. Tts class of objects are all sets. Notice here the necessity of Ob(Set) to be a class: there is no set of all
sets.

2. Given sets X and Y, then Homs: (X, Y) is the set of all functions X — Y.

3. Composition in Set is defined as follows. Given f: X - Y and g : Y — Z, define go f : X — Z by
(go fix) =g(f(x)), Vx € X.

For any set X, define idy : X — X by idx(x) = x, Vx € X. One can check that the composition is indeed
associative and unital and thus Set is a category. An isomorphism in Set is precisely a bijection.

The next examples are categories in which objects are sets with extra structure. Composition, associa-
tivity and unitality are induced by the composition in Set.

Example 1.2.8. The category of groups, denoted Grp, is defined as follows.
1. Tts class of objects are groups.

2. Given groups G and H, define Homg,,(G, H) to be the set of all group homomorphisms G — H. The
name hom-set originates from this category.

3. Composition is defined as in Set.
Isomorphisms in Grp are precisely group isomorphisms.
Example 1.2.9. The category of Abelian groups, denoted Ab, is defined as follows.
1. Its class of objects are Abelian groups.
2. Given Abelian groups A and B, define Homay, (A, B) to be the set of all group homomorphisms A — B.
3. Composition is defined as in Set.
Isomorphisms in Ab are precisely group isomorphisms (between Abelian groups).
Example 1.2.10. The category of monoids, denoted Mon, is defined as follows.
1. Its class of objects are monoids.
2. Given monoids M and N, define Hompon (M, N) to be the set of all monoid homomorphisms M — N.
3. Composition is defined as in Set.

Example 1.2.11. The category of rings, denoted Ring, is defined as follows.
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1. Its class of objects are rings (with unity).

2. Given rings R and S, define Homging(R, S) to be the set of all ring homomorphisms R — S (that
preserves unities).

3. Composition is defined as in Set.
Isomorphisms in Ring are precisely ring isomorphisms.
Example 1.2.12. Let G be a group. Define the category of left G-sets g Set as follows.
1. Tts class of objects are left G-sets.
2. Given left G-sets X and Y, define Homset (X, Y) to be the set of G-equivariant maps.
3. Composition is defined as in Set.
Define similarly the category of right G-sets Setg.
Example 1.2.13. Let F be a field. The category Vectr of vector spaces over F is defined as follows.
1. Tts class of objects are vector spaces over F.

2. Given vector spaces V and W over F, define Homyec, (V, W) to be the set of linear transformation
V — W over F.

3. Composition is defined as in Set.
Isomorphisms in Vecty are precisely isomorphisms of vector spaces.

Warning 1.2.14. The names of the categories in the examples above can be misleading. They seem to
suggest that a category is defined by its objects, but it really is not case. A category is defined by its
morphisms. A better name for Set would be the “the category of set functions on all sets”, and a better
name for Grp would be “the category of group homomorphisms on all groups”, for Ab would be “the category
of group homomorphisms restricted on Abelian group”, and so on. In practice, these names are too long,
and it is natural to consider these mathematical objects with the appropriate morphisms.

The next examples shall emphasize how morphisms are the main actors in a category, and not objects.
Example 1.2.15. Given (P, <) a poset, it defines a category, also denoted PP, as follows.
1. Ob(PP) =P.

* ifx<y

. . <
0 otherwise. In other words, we write x — y if and only if x < y.

2. Vx,y € P, Homp(x,y) = {

3. Composition is defined by transitivity: Vx,y,z € P, if x <y and y < z, then x < z.
We now need to check associativity and unitality.

e Associativity follows from the unambiguity of transivity: given x <y, y < z, z < w in P, then we can
first deduce from y < z < w that y < w and thus from x < y < w we obtain x < w; or we could have
started from x < y < z to deduce x < z, and thus from x < z < w we obtain x < w.

e Unitality follows from the fact that Vx € P we have x < x. Thus we get that if x < x <y then x < y.
Similarly if x <y <y then x < y.

Example 1.2.16. The empty set @ can be regarded as a poset. This defines a category 0 with no objects
and no morphisms.



Example 1.2.17. Any singleton {x} is uniquely endowed with a poset structure. This defines a category 1
with one object and one morphism:

id

(L

Since every object in a category associates an identity morphism, we often omit in the picture. Thus the
category 1 is depicted as:

Example 1.2.18. Given the poset {1 < 2}, we obtain a category 2 with two objects and three morphisms
(two of them are identity morphisms that we omit in the picture):

*« —> o

Example 1.2.19. Given the poset {1 < 2 < 3}, we obtain a category 3 with three objects and six morphisms
depicted as (three of them are the identity morphisms and are omitted):

Since the third morphism depicted is the composition of the other two, we often also omit composition, and
thus we depict 3 as:

or:

e —H> 0 —> 0o

Exercise 1.2.20. From the poset {1 < 2 < 3 < 4}, depict the category 4:

\
. > o

~

. > e
with all its compositions.

Remark 1.2.21. Recollecting from the examples above: when we picture a category, we omit the identity
and the compositions.

Example 1.2.22. The natural numbers (N, <) form a poset and thus a category IN:

\ N \ N oL
L 7 ® 7 7 ® 7

Example 1.2.23. The real numbers (R, <) form a poset and thus a category R, but it is harder to depict
than IN.

Definition 1.2.24. A category C is said to be small if Ob(C) is a set.

Example 1.2.25. If P is a poset, then its associated category is small. Thus 0, 1, 2, 3, N and R are small
categories.

Example 1.2.26. The categories Set, Grp etc are not small.

Exercise 1.2.27. Show that any small categories can be regarded as a directed graph. Is every directed
graph a category? What fails?
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1.2.2 Monoids with many objects

The composition in a category must be associative and unital. These axioms are very similar to associativity
and unitality of the binary operation of a monoid. Here we show precisely that a category is in fact a
generalization of a monoid.

Example 1.2.28. Let (M, *,¢) be a monoid. Define a category BM as follows.
1. The category BM has a unique object, labelled arbitrarily *. In other words: Ob(BM) = {x}.

2. Given that there is only one object in the category, we only need to define one hom-set. Define
Hompps (x, %) = M.
3. We define composition in BM via the binary operation on the monoid M:
M x M = Hompps (%, %) X Hompgps (%, %x) — Hompgp (x,%) =M
(x,y) — xxy
Since the monoid M is associative, then so is the composition on BM. The identity map id, : * — * is equal

to e € M, the neutral element of M. Since a monoid is unital, then we obtain the unitality axiom on the
category BM. Isomorphisms in BM are precisely units of M.

Remark 1.2.29. It is important to not confuse the morphisms in BM with actual set functions. Indeed, in
BM, we replace entirely formally an element x € M by a map x : * — %. But it is important to keep in mind
that x is not a set and x : * — % is not a function of sets, it is just a different notation to express x € M.

Exercise 1.2.30. Show that if C is a category with a unique object denoted %, then (Home (%, %), 0,id,) is
a monoid. Conclude there is a correspondence between monoids and categories with one object.

Therefore a category with many objects can be regarded as a “monoid with many objects”. Perhaps the
next exercise can be enlightening in that regard.
Exercise 1.2.31. Let {My,...,M,} be a collection of monoids. Define a category C as follows.

1. Ob(@) ={1,...,n}.

2. Home(, ) :{ ]gi otl}flelr:vi]se.
3. Composition is induced by the binary operations on each M;.

Verify that € is a category. Can you generalize this example to any collection {M;};c; of monoids, where 1
is any set?

Example 1.2.32. Let {1} be the trivial monoid. Then its associated category B{1} is the small category 1.
Example 1.2.33. We can view N = (N, +,0) as a monoid. This defines a category BN depicted as:

Given two morphisms e L oeand ¢ 5 e, then their composition is the morphism e 23" o. Notice the
difference with the category of Example [[.2:22] when N was regarded as a poset.

Exercise 1.2.34. Given a directed graph, show how to define a category in which you freely add all possible
compositions of its edges and identities on vertices? What is the category obtained from the directed graph
with a single loop?

(YL
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1.2.3 Groupoids

Since a group G is a monoid in which every element is a unit, we see that the associated category with one
object BG, as in Example [[.2.28] is a category with one object in which every morphism is an isomorphism.
Definition 1.2.35. A groupoid is a category in which every morphism is an isomorphism.

Example 1.2.36. A groupoid with one object defines precisely a group. Conversely, given a group G, it
defines uniquely a groupoid BG.

Example 1.2.37. Define I to be the category with two objects and exactly one morphism from one object
to another. It can be depicted as (we omitted the identity morphisms):

_

K
Since the composition of the maps depicted above must be a map with a domain equalling its codomain,
then it must be the identity by unicity. Hence T is a groupoid.

Exercise 1.2.38. Let R be a ring. Define GL(R) to be the following category.
1. Ob(GL(R)) ={1,2,3,...}.
_ | GL.(R) ifn=m
2. Homey () (n,m) = { 0 otherwise.
3. Composition induced by product of matrices.
Verify that GL(R) is a groupoid.

Definition 1.2.39. A category C is discrete if the only morphisms are the identities. In other words, for all
objects X and Y in €, we have:

idy} ifX=Y

_1 A
Home (X, ¥) = { ] otherwise.
Example 1.2.40. Any discrete category is a groupoid.

Example 1.2.41. Given a set 8 (or more generally a class), define S8gisc to be the discrete category with
objects 8. Given a category €, denote Cgisc the discrete category Ob(C)gisc-

Definition 1.2.42. Given a category C, its mazimal groupoid C=, is the category defined as follows.
1. Define Ob(C¥) = Ob(C).

2. Given objects X and Y, the set Home=(X,Y) € Home(X,Y) is defined to be the set of all isomorphisms
from X to Y.

3. Since the composition of isomorphisms is an isomorphism, the composition Home (Y, Z)xHome (X, Y) —
Home (X, Z) restricts to a composition Home= (Y, Z) X Home=(X,Y) — Home= (X, Z).

We shall see in Exercise|1.2.53|that €% is the largest groupoid contained in €, hence the name “maximal”.

Exercise 1.2.43. Let M be a monoid. Recall we can regard it as a category BM with one object. Recall
also that we denote by M* its units. Show that (BM)* = B(M*)

Exercise 1.2.44. Let R be a ring. Define Mat(R) to be the following category.
e Ob(Mat(R)) =N.
o Hompmae(r) (1, m) = Myyxn(R), the set of matrices with m-rows and n-columns.

e Composition is induced by matrix multiplication: given matrices A : n — m and B : m — k then
Bo A :=BA € Myxn(R).

Verify that Mat(R) is a category and its maximal groupoid is GL(R).
Exercise 1.2.45. What is the maximal groupoid of the categories obtained in Exercise [1.2.31]/

Exercise 1.2.46. Explain why C* can never equal 0 (unless € = 0).
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1.2.4 Subcategories

We have seen that from a category C, we could restrict either its class of objects, or its sets of morphisms,
or both. If one regards a category as a monoid with many objects, since there are submonoids, this leads to
the notion of a subcategory.

Definition 1.2.47. Given a category C, a subcategory D consists of:

1. a subcollection Ob(D) € Ob(C)

2. for each X and Y in D, a subset Homp (X,Y) € Home (X, Y)
such that D becomes itself a category with the composition induced from C, i.e.:

e if X € D, then idx is a morphism D;

e if f: X — Y is a morphism in D, then X and Y are objects in D;

o if f: X —>Yandg:Y — Z are morphisms in D, then go f : X — Z is a morphism in D.
A subcategory D of € is full if Homp (X,Y) = Home(X,Y) for all X,Y € D.

Example 1.2.48. The category Grp is a subcategory of Set but it is not full: not ever set map between
groups is a homomorphism. Similarly, we get that Ring is a non-full subcategory of Ab, Mon is a non-full
subcategory of Set etc.

Example 1.2.49. The category Ab of Abelian groups is a full subcategory of Grp.

Example 1.2.50. We can define a category Seti,; with same objects as in Set, but the morphisms are only
injective functions of sets. Composition is the same as the composite of injective functions is an injective
function and the identity function is always injective. An isomorphism is precisely an injective function that
is surjective, i.e. a bijection. In many aspects, the category Setin; is similar to Set, but we shall see that
these categories are not the same. The category Setiy;j is a subcategory that is not full.

Exercise 1.2.51. Let M be a monoid. Let N € M be a subset. Show that N is a submonoid if and only
if BN is a subcategory of BM. Conclude that a subset H of a group G is a subgroup if and only if BH is a
groupoid and a subcategory of the groupoid BG.

Example 1.2.52. Given a category C, then Cgisc and €% are subcategories of € that are not full.

Exercise 1.2.53. Given a category C, show that if D is a subcategory € and a groupoid, then D is a
subcategory of the maximal groupoid C=.

Exercise 1.2.54. Show that given a category C, a subclass of objects in € defines uniquely a full subcategory
of C. Apply this to define the category CMon of commutative monoids as a full subcategory of Mon.

1.3 Construction on categories

Given a category, we can construct new categories.

1.3.1 Product of categories

Definition 1.3.1. Let € and D be categories. Define their Cartesian product € X D to be the following
category.

1. Its class of objects is Ob(€ x D) = Ob(€) x Ob(D).
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2. Given objects C,C’ € C and D, D’ € D, define
Homen((C, D), (€', D)) = Home(C, C') x Hom (D, D')

In other terms, a morphism (C, D) — (C’, D’) is denoted (f, g) and consists of a morphism f : C — C’
in € and a morphism g: D — D’ in D.

3. Composition is induced by the compositions in € and D. Given morphisms (C,D) — (f $) (C’,D’) and

. D) 25" (7. D) in €x D, define (¢', f') o (2, f) to be (¢’ o g, f 0 f) : (C, D) — (C”, D").

Exercise 1.3.2. Verify that € x D is indeed a category.

Example 1.3.3. The product 2 X 2 can be depicted as:

Exercise 1.3.4. Let G and H be monoids or groups. Show that B(G X H) can be regarded as BG X BH.

1.3.2 Slice categories

Definition 1.3.5. Let C be a category. Fix C an object in C. The slice category of C over C, denoted €/,
is defined as follows.

1. Its class of objects Ob(€,¢) consists of pairs (X, f) in which C € € and f : X — C is a morphism in €.

2. Given objects (X, f) and (Y, g) in C;¢, a morphism « : (X, f) — (¥, g) consists of a morphisma : X — Y
in € such that g oa = f, i.e. the following diagram commutes in C:

X —F——Y

M A

3. Composition in C,¢ is determined by composition in €. Given morphisms @ : (X, f) — (¥, g) and
B:(Y,g) = (Z, h) in C/c, then the composition S o a : X — Z remains over C:

We can construct a similar definition and be under an object C instead of over.

Definition 1.3.6. Let C be a category. Fix C an object in €. The slice category of € under C, denoted C\C,
is defined as follows.

1. Tts class of objects Ob(C\C) consists of pairs (X, f) in which C € € and f : C — X is a morphism in €.

14



2. Given objects (X, f) and (¥, g) in €\C, a morphism a : (X, f) — (¥, g) consists of a morphism a : X — Y
in € such that a@ o f =g, i.e. the following diagram commutes in C:

c
N
X —— 7.

3. Composition in €\C is determined by composition in €. Given morphisms a : (X, f) — (Y,g) and
B:(Y,g) = (Z,h) in €\C, then the composition o a : X — Z remains under C:

C
X — Y 5 5 Z.

\/’

Boa

Example 1.3.7. Consider the category Set. Denote {x} a singleton. We often write Set\""} by Set, and
refer to it as the category of pointed sets. A function {*} — X is picking up an element xy € X. Therefore
an object in Set, consists of a pair (X, xg) in which X is a set and xg is a fixed element in X. A morphism
(X,x9) = (Y, yg) in Set, is determined by a function f : X — Y such that f(xg) = yg.

Exercise 1.3.8. Did the choice of the singleton {+} mattered in the example above?
Example 1.3.9. Given any set X, there is a unique function X — {*}. Therefore we see that Set,,) is
similar to Set.

1.3.3 Skeleton

Example 1.3.10. Given any category C, we see that isomorphisms define an equivalence relation on objects.
We can therefore define a category €/= for which objects are Ob(€C)/= and Home/=(X,Y) = Home(X,Y)/=.
We see that C/= is not isomorphic to € but for a category theorist they should be.

1.3.4 Duality principle

Definition 1.3.11. Given a category C, its opposite category, denoted C°P, is a category with same object
as in € in which we abstractly reverse the directions of the arrows. Formally:

1. Its class of objects is Ob(C°P) = Ob(C).

2. Given objects X and Y, define Homee (X,Y) := Home (Y, X). We rewrite a map f : ¥ — X in C by
P : X — Y in C°P.

3. Given objects X, Y and Z, define:
Homew (Y, Z) X Homeen (X,Y) — Homes (X, Z)
(8%, fP) > g% oo [P = (fog)*.
Exercise 1.3.12. Check that C°? defines indeed a category.
Exercise 1.3.13. Prove that (C°P)°P = (.
Exercise 1.3.14. Recall that if M is a monoid, we can define M°P is opposite monoid. Show that B(M°P) =
(BM)°P.
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Example 1.3.15. If P is a poset, we can obtain P°? by reversing the order. For instance, as in Example
1.2.22] if we view the poset (N, <) as a category N:

'Y >. >... >. >

then its opposite category IN°P can be depicted as:

° < ° < R ° <
Essentially the above category is the one associated to the poset (N, >).

Exercise 1.3.16. Let C be a category and let C be a fixed object in €. Show that (G/C)OP =e\C.

1.4 Functors

Since categories are mathematical structures, there must be a notion of morphisms between them. If we
regard categories as monoids with many objects, these morphisms should be thought as a generalization
of homomorphisms of monoids. These morphisms go from one category to another. Herein lies the core
motivation of category theory: we can travel between the world of groups, or rings, or topological spaces etc,
and observe the interactions between these mathematical worlds. A morphism between categories is called
a functor.

Definition 1.4.1. Let C and D be categories. A functor F from C to D, denoted F : € — D, is the following
data.

1. A function on the objects, also denoted F:

Ob(€) — Ob(D)
X — F(X).

2. For each pair of objects X,Y € €, a function on the hom-sets, also denoted F:

Home(X,Y) — Homop (F(X),F(Y))

(XLY) — (F(X) L F(Y))

This data must follow the following two axioms.

Composition preserving Denote oe and op the compositions of morphisms in € and D respectively.
Given f: X > Y and g : Y — Z in G, we have the following equality of morphisms in D:

F(goe f) =F(g) op F(f).
Identities preserving For any object X € G, we have the equality of morphisms in D:
F(idy) = idr(x).

Subsequently, when defining a functor F : € — D we shall specify the functions on objects and morphisms
at the same time as follows:

¢C — D
X — FX)

(Xiy) — (F(X) P F(Y)).

Once we specify the two functions, we need to verify it is composition and identities preserving.
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Example 1.4.2. Let C be a category. Define the identity functor ide : € — € as:

ide: ¢ — €
X — X
(X'ii Y) — (X'ii Y).

We see immediately that ide(g o f) = g o f =ide(g) oide(f), for any composable morphisms f and g, and
ide(idx) = idx = idiq, (x), for all object X in C.

Example 1.4.3. Recall from Example[1.2.28/that a monoid can be regarded as a category with one object.
Let f: M — N be a homomorphism of monoids. This defines a functor Bf : BM — BN:

Bf:BM — BN
*x > %
(e Bx) = ()
* — % — *x — x|
Let us verify it preserves composition and identities. Given m,n € M, since f is a homomorphism, we have
f(mn) = f(m)f(n). This precisely translates to Bf(m on) = Bf(m) o Bf(n). Recall that idx in BM is the

neutral element ep; of M. Since f is a homomorphism, then f(eps) = en, the neutral element of N. Thus
Bf(idy) = idyx. Therefore, Bf is indeed a functor.

Exercise 1.4.4. Suppose M and N are monoids and let F : BM — BN be any functor. Show that there
is a unique homomorphism of monoids f : M — N such that Bf = F. Conclude there is a correspondence
between homomorphisms of monoids and functors between categories with one object.

Example 1.4.5. If G and H are groups, then a group homomorphism f : G — H defines a functor
Bf : BG — BH. Moreover, any functor F : BG — BH defines a group homomorphisms f : G — H such that
F = Bf.

Example 1.4.6. A mathematical construction can be viewed as functorial in several ways. Let R be a ring.
Recall that we can define the polynomial ring R[x1,...,x,] with n-variables. This is functorial if we vary
the ring: i.e. there is a functor:

Ring — Ring

R+ R[x1,...,x,]

f
Rlx1,...,x0] = S[x1,...,x,]

(R i) S) — L . " .
Z aijxf g Z f(aij)x{
i,j20 1,720

On the other hand, we could have also varied the amount of variables. If we denote Fin the full subcategory
of Set spanned by finite sets, then there is a functor:

Fin — Ring
{1,...,n} — R[x1,...,Xu]
Rlx1,...,xn] it Rlx1,...,xm]
({1,...,n}£>{1,...,m})._> i

n
a;jx] - Aoy X
it o ()J o (i)
i,j>0 i,j>0
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We can record this fact by capturing the two variances into one functor:

Ring X Fin — Ring
(R, {1,...,n}) > R[x1,...,x]

(f,o)
R[x19'~-’xn] - S[x].?""xm]
(f,0) — n ) n '
Z ajjxj = Z flacm)xl,
i,j=0 i,j=0

Exercise 1.4.7. Let R be a ring. Recall that for a (possibly infinite) set, we can define R[X]. Show this
leads to functors Set — Ring and Ring X Set — Ring.

Exercise 1.4.8. Let C, D and & be categories. Show that the data of a functor € — € x D is equivalent to
the data of two functors € —» € and € — D.

Example 1.4.9. Recall that for a ring R we denote by R* its group of units. If f : R — § is a ring
homomorphism, then if » € R is a unit, then so is f(r). Thus we can restrict and corestrict f* : R* — S*.
This defines a functor:

(=)*:Ring — Grp
R +— R*
(R EN S) — (Rx f—>X SX)

Example 1.4.10. A lot of mathematical structures are sets with additional structures. For instance, a
monoid (M,x*,ep) is a set M with the extra data of a multiplication and unity. Moreover, any monoid
homomorphism M — N is a set map with the extra requirement that it must preserves identity and multi-
plication. Forgetting this data defines a functor:

Mon — Set
(M,*,epr) — M

((M,*,em) l> (N,@,eN)) — (M l> N)

Such functor is called a forgetful functor, or underlying functor, and is often denoted U. It occurs in many
instances: a ring is an Abelian group with a multiplication, an Abelian group is a group in which the
multiplication is commutative, a group is a monoid for which every element has an inverse, and we just saw
that a monoid is a set with extra structure. So we have all these forgetful functors:

Ring — Ab — Grp — Mon — Set.

Generally they are all denoted U and there is usually no ambiguity. In practice, we often omit U. For
instance we might prefer to say “the set M”, or “M regarded as a set” instead of writing U(M), for M a
monoid and U : Mon — Set.

Example 1.4.11. Given a monoid (M, *,eps) we can forget the multiplication but still keep track of the
choice of unity. The assignment (M, %, ep) — (M, epr) defines a forgetful functor Mon — Set,.

Example 1.4.12. Given a set X, one can define the free group on X, denoted F(X) formed of all possible
words in X together with concatenation as multiplication and the empty word as unity. The definition can
be extended to map of sets and thus we obtain a functor F : Set — Grp. There exists a nice connection
between F and the forgetful U from previous example: given any set X and group G, there is an isomorphism
of sets (i.e. bijection):

Homgp,(F(X), G) = Homset (X, U(G)).
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This is precisely a reformulation of the universal property of free groups. In fact, given a forgetful functor
U : C — Set, the free functor F : Set — C will be defined as the unique functor such that we obtain a
“univesal” isomorphism:

Home (F(X), C) = Homset (X, U(C)),
given any set X and object C € €. We will make this idea precise in the next sections, it is important to
notice now that there seems to be a general pattern with free objects and their universal properties.

Exercise 1.4.13. Let U : Set. — Set be the forgetful functor on pointed sets. Given a set X, denote
X, = (X [I{*}, %) the set where we have added a point * to X and chose it as a basepoint. Given a set map
f:X > Y, extend it to a set map f; : X; — Yy by f(%) = *. Show this defines a functor (-); : Set — Set.
such that we obtain an isomorphism of sets (i.e. bijection):

HomSet* (X+7 (Y’ yo)) = HomSet(X, Y)7

for any set X and pointed set (Y, yg), where we denoted Y = U(Y, yq)-

Example 1.4.14. Recall that for any set S, there are unique set maps @ — S and S — {*}. In a similar
fashion, given any category C, there are unique functors 0 — C and € — 1.

Example 1.4.15. Recall that choosing an element x in a set S defines a map x : {*} — S. Similarly, choosing
an object X in a category C amounts precisely to a functor X : 1 — C.

Exercise 1.4.16. Show that choosing a morphism f : X — Y in € amounts precisely to a functor f : 2 — C.
Show that choosing an isomorphism f : X — Y in € amounts precisely to a functor f : I — C.

One key importance of functors is that they detect non-isomorphic objects. Therefore given a functor
F : € — D, if you want to determine if objects in C are not isomorphic, you can use the functor F to travel
in a different realm.

Theorem 1.4.17. Let C and D be categories. Let F : € — D be a functor. Suppose f : X — Y is an
isomorphism in €, then F(f) : F(X) — F(Y) is an isomorphism in D and F(f)~' = F(f~1). In particular, a
functor preserves isomorphisms: if X =Y in €, then F(X) = F(Y) in D.

Proof. Since f : X — Y is an isomorphism in €, there exists f~! : ¥ — X in € such that f~! o f = idx and
f o f!=idy. Therefore:

F(f ™Yo F(f) F(f ' o f), by composition preserving,
F(idx)

idF(x), by identities preserving.

Similarly, we obtain F(f)o F(f~!) =idp(y). Thus F(f) : F(X) — F(Y) is an isomorphism in D with inverse
F(fY):F(Y) —» F(X). m]

Corollary 1.4.18. Let C and D be categories. Let F : € — D be functors. Let X and Y be objects in C. If
F(X)# F(Y)in D, then X #7Y in C.

Example 1.4.19. Two groups cannot be isomorphic if their cardinals were not equal. This follows from
the forgetful functor Ring — Set.

Example 1.4.20. The ring Z and Q cannot be isomorphic (even though they have the same cardinality)
because Z* = Cy 2 Q — {0} = Q*.

Warning 1.4.21. In general, given a functor F : € — D, if F(X) = F(Y) in D, there is no reason to expect
that X =Y in C.

Example 1.4.22. Given any category C, the unique functor F : € — 1 forces that F(X) = F(Y) for any two
object X and Y in C.

19



Example 1.4.23. Consider the functor (-)* : Ring — Grp and the rings Z and Z/3Z. They are not
isomorphic but Z2* = Cy = (Z/3Z)*.

Definition 1.4.24. A functor F : € — D is said to be conservative if it reflects isomorphisms: if f : X - Y
is in € such that F(f) : F(X) — F(Y) is an isomorphism in D, then f is an isomorphism in C.

Example 1.4.25. The forgetful functor Grp — Set is conservative: a homomorphism of groups that is a
bijection is an isomorphism. Many of the forgetful functors we have seen are conservative. However, not all
forgetful functors are conservative (example in topology).

Example 1.4.26. Even though the forgetful functor Ring — Grp is conservative, the functor (-)* : Ring —
Grp is not. For instance, consider the quotient map v : Z — Z/3Z. Then y* : Z* — (Z/3Z)* is an
isomorphism but y is not.

Example 1.4.27. Given a functor F : € — D and a functor G : D — &, then just as we can compose
functions or more generally morphisms in a category, we can compose functors and define Go F : € — € to
be defined as follows:

e — &
C — G(F(C))

(ch’) — (G(F(C)) GEG G(F(C’))).

Exercise 1.4.28. Verify that G o F of Example is indeed a functor.

It is tempting to consider a category of categories in which objects are categories and morphisms are
functors. Unfortunately we encounter size issues in the same way that there cannot be a set of all sets. To
palliate this issue we can consider a large category of all categories. A large category is not a category with
our terminology as its hom can be a class.

Definition 1.4.29. Define CAT the large category of all categories as follows.
1. Its objects are categories.
2. Given categories € and D, the class Homca7 (€, D) comprises of all functors € — D.

3. Composition of functors is defined as in Example [[.4.27]

One can check this structure gives indeed a large category, in which the identities are given as in Example
.4.2

We shall see soon that the class Homcat(C, D) can itself be endowed with a category structure that we
will denote Fun(C, D).
To avoid size issues, we may consider instead a category of small categories.

Definition 1.4.30. Define Cat as the full subcategory of CAT spanned by small categories. In this instance,
the morphisms assemble to a set and not a class.

Example 1.4.31. We have seen that for any monoid M we can associate a category BM with one object,
this defines a functor B : Mon — Cat.

Exercise 1.4.32. Define Grpd as the full subcategory of Cat spanned by groupoids. Show we obtain a
functor B : Grp — Grpd.
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1.5 Embedding categories

Definition 1.5.1. A functor F : € — D is said to be faithful if for all objects X and Y in €, the set map
F : Home(X,Y) » Homp (F(X), F(Y)) is injective. In other words, if f: X — Y and g : X — Y are maps in
C, then if F(f) = F(g) as maps F(X) — F(Y) in D, then f = g.

Example 1.5.2. Typically, forgetful functors are faithful functors. For instance two homomorphisms of
groups are equal if they are equal as set maps.

Example 1.5.3. Given a category C, there exists a unique functor ¢ — 1. This functor is never faithful
unless € is 0 or 1.

Example 1.5.4. Let f : M — N be a homomorphism of monoids. Then the induced functor Bf : BM — BN
is faithful if and only if f is injective.

Definition 1.5.5. A concrete category C is a category together with a faithful functor U : € — Set.

Example 1.5.6. The categories Mon, Grp, Ab, Set., Ring etc are all concrete categories when considering
their forgetful functors onto Set.

Exercise 1.5.7. Suppose F : € — D is a faithful functor. Show that if a diagram in € commutes in D after
applying F, then it commutes in C.

Definition 1.5.8. A functor F : € — D is said to be full if for all objects X and Y in C the set map
F : Home(X,Y) — Homqgp ((F(X), F(Y)) is surjective. In other words, given a map g : F(X) — F(Y) in D,
there exists a map f : X — Y in € such that F(f) = g.

Example 1.5.9. Let f : M — N be a homomorphism of monoids. Then the induced functor Bf : BM — BN
is full if and only if f is surjective.

Definition 1.5.10. A functor F : € — D is said to be:
e essentially injective if: given objects X,Y € C, if F(X) = F(Y) in D, then X =Y in C;
o essentially surjective if: for all D € D, there exists C € € such that F(C) = D in D.

Warning 1.5.11. It is important to not confuse essentially injective with conservative (Definition [1.4.24)).
A functor can be essentially injective without being conservative.

Example 1.5.12 (TO DO). Example of a non essentially injective but conservative functor. Example of a
conservative functor but non essentially injective.

Proposition 1.5.13. Let F : € — D be a conservative and full functor. Then F is essentially injective.

Proof. Let X and Y be objects in € and suppose F(X) = F(Y) in D. This means there exists a map
g: F(X) —» F(Y) in D that is an isomorphism. Since F is full, there exists a map f : X — Y in C such that
F(f) = g. Since F is conservative, then f must be an isomorphism. Thus X =Y in C. O

Example 1.5.14. Choosing an isomorphism f : X — Y in a category € defines a functor f : I — C that is
conservative and essentially injective but neither full nor faithful in general.

Definition 1.5.15. An embedding of categories is a functor F : € — D that is essentially injective and
faithful. In this case we say C is embedded in D. If the functor F : € — D is also full, then we say F is a full
embedding of categories and C is fully embedded in D.

Proposition 1.5.16. Given an embedding of categories F : € — D and objects X,Y in €. Then X =Y in C
if and only if F(X) = F(Y) in D.

In a non-full embedding of categories € in D it is possible that one added more morphisms between
objects in D.
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Example 1.5.17. A subcategory C of a category D defines an embedding of categories ¢ — D. A full
subcategory C of D defines a full embedding of categories. Informally, a (full) embedding of categories
F : @ — D defines a (full) subcategory in D comprised of the essential image of F: the smallest subcategory
of D containing all objects in D that are isomorphic to F(X) for some X € C.

Definition 1.5.18. A functor F : € — D that is both full and faithful is called fully faithful.
Proposition 1.5.19. A fully faithful functor is conservative, and thus in particular essentially injective.

Proof. Let F : € — D be a fully faithful functor. Let f : X — Y be a map in C. Suppose F(f) : F(X) — F(Y)
is an isomorphism in D. This means there exists g : F(Y) — F(X) in D such that g o F(f) = idp(x) and
F(f)og=idp(y). Since F is full, there exists #: Y — X in C such that F(h) = g. We obtain the equalities:

F(ho f)=F(h)o F(f)=goF(f) =idpx) = F(idx).

As F is faithful, we obtain ko f = idyx. We argue similarly to show f o h =idy. Thus f is an isomorphism
in € with inverse h. Thus F is conservative. O

Corollary 1.5.20. A functor is fully faithful if and only if it is a full embedding of categories.

1.6 Equivalences of categories and natural transformations

In previous section we saw that we can define a morphism between categories called functors. Omitting
size issues, categories together with their functors assemble themselves into a category CAT. Therefore
this defines a notion of an isomorphism of categories as in Definition Two categories € and D are
isomorphic, and we write € = D, if there exist functors F : € - D and G : D — C such that G o F = ide
and F oG =idyp.

However, the definition is often extremely rigid. Indeed, we require that for any object X in € that
G(F (X)) is equal to X, and given any morphism f : X — Y, we have G(F(f)) is equal to f. But in practice,
it is more likely that G(F (X)) is only isomorphic to X. In that case, we cannot have G(F(f)) = f as they
don’t have same domains and codomains, but we can ask that they remain compatible. In other words, we
would like the following diagram to commute:

G(F(X)) — X

GF(f)l lf

G(F(Y)) —— 7,

for any morphism f : X — Y in C. If the diagrams above was not commutative then if means we have lost
information on the morphisms in C.
We make precise the notion here. We begin by two motivating examples.

Example 1.6.1. Let F be a field. Our first example is motivated from the fact that every finite dimensional
F-vector space is isomorphic (but not equal) to F" for some n > 0. First recall we have defined the category
Mat(F) of matrices with coefficients in F. Denote Vect{éi the category for which objects are pairs (V, B) where
V is a finite dimensional F-vector space and B is an ordered (finite) basis of V. Morphisms (V,B) — (V’, B’)
are linear transformations V. — V’ with no added requirements. Therefore Vect]';;j is a full subcategory of
Vectp. Recall that a matrix A € M,;,x, (F) can be regarded as a linear transformation:

A:(FL,8) — (F™,98)
v o — Ay
Here we denote 8 the standard basis of F". This perspective defines a functor:
Mat(F) — Vect{éj
n +— (F.8)
A € Mypsn(F) +— (A L (F,8) — (}F’",S)).
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Let B = (by,...,b,) be a basis of a vector space V. Then for any v € V, there exist unique scalars A1,...,4, €

A1

F" such that v = A1by + -+ A,,b,. This defines the vector [v]g = | : | in F". Given a linear transformation
An

T:(V,B) - (V',B’), we denote the matrix [T]g comprised of the vectors [T(b1)]s,...,[T(by)]s in its

columns. We obtain a functor:
Vect! —  Mat(F)
(V,B) +— dim(V)
T ., ., ,
((v.8) 5 (v 3)) — (713
One one hand the composition:
n+— (F",8) — dim(F")

is the identity on objects and on morphisms. On the other hand, the composition:
(V,B) — dim(V) — (FmV) g)

is in general only an isomorphism given by:

(V, B) N (Fdim(V), 8)
v —  [v]s.

Notice that these isomorphisms are compatible: given any linear transformation 7 : (V,B) — (V’,B’), we
have the commutative diagram:

(Vs B) —E> (Fdim(v>,8)
Tl lm%’

(V,, 3/) i> (Fdim(v’),S)

This expresses the familiar equation [T(v)]s = [T]g[v]g. Therefore, although Vect}}éj and Mat(F) are not
isomorphic, they seem to be equivalent in many regards.

Example 1.6.2. From our perspective, a ring is always unital. We shall explain why here.

A ring R is said to be be augmented if there is a ring homomorphism ¢ : R — Z. In fact we can define
the category of augmented rings as Ring/z. A non-unital ring R is a ring without the axiom of unity, and a
non-unital ring homomorphism is a ring that doesn’t preserve unity. This defines a category Ring,.

Given a non-unital ring R, let R, = R ® Z. Then one can check that R, is a (unital) ring with unity
(Og, 1) and is augmented via the quotient map R, — R,/R = Z. Define a functor:

(—)+ : Ring, — Ring 3
R — R,

id
(R ERN S) — (R+ 785 S+).
Given an augmented ring (R, ), we can denote R_ = ker(g), it is a non-unital ring.

(-)- : Ring;z — Ring,
(R,e) — R_
eos) 5 )
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Suppose (R, ) is an augmented ring. Then ((R, €)-)+ = ker(g) ® Z. Since we have an isomorphism:
ker(e) ®Z — R

(r,) > r+1g

Similarly, given a non unital ring R, then (R;)- = ker(R® Z — Z) = R. These are not equal but really
isomorphisms. One can view the category of non-unital rings Ring, as living inside the category of unital
rings Ring, as Ring/7 is a (non full) subcategory of Ring.

The above example hopefully served as motivation for the need of this coherence data on morphism.

Definition 1.6.3. Let F: ¢ —» D and G: € — D be functors. A natural transformation from F to G,
denoted a: F = G is a collection of morphisms {ax: F(X) —» G(X) | X € C} in D subject to the following
requirement. For any morphism f : X — Y in @, the following diagram commutes in D:

F(X) 25 G(X)

F (f)l lG(f)

F(Y) —5 G(Y)
If ax : F(X) — G(X) is an isomorphism in D for each X € €, then we say «@ is a natural isomorphism and
we write it as @ : F = G.

Notation 1.6.4. Instead of saying “let @ : F = G be a natural transformation between functors F,G : € —
D”, we may compactly refer to the data as a diagram:

TO FINISH...

1.7 Yoneda Lemma

We begin by defining what representable means in the categorical sense. Our result will be stated for the
contravariant case. However, all the work in this section can be dualized for covariant functors.

We shall always assume C to be a locally small category, i.e., a category such that for any object C and C’
in @, the class of morphisms C(C, C’) is a set. Otherwise we extend Grothendieck universe to extend what
we mean by a set.

Let Cy be a fixed object of €. We define the functor:

C(-,Cp): CP — Set
C — €(C,Co)

cho — re.co—ec.c.
where f*(¢) = ¢ o f, for any ¢ in C(C’, Cyp).

Definition 1.7.1 (Representable Contravariant Functor). Let € be a locally small category. A functor
F: C° — Set is said to be representable if there is an object Cy in € and a natural isomorphism:

e: C(-,Cy) = F.

We say that Cy represents F, and Cy is a classifying object for F. Similarly, a functor F: € — Set is
representable if there is an object Cy and a natural isomorphism C(Cy,—) = F.
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The following lemma, known as the Yoneda Lemma, relates natural transformations e : C(—,Cy) = F
with elements of F(Cy).

Lemma 1.7.2 (Yoneda). Let F: €% — Set be a functor. For any object Cp in €, there is a one-to-one
correspondance between natural transformation e: C(—, Cy) = F and elements u in F(Cp), which is given,
for any object C in €, by:

ec:C(C,Cyp) — F(O)
¢ — Flo)(u).

Proof. Suppose we are given a natural transformation e : C(—, Cy) = F. In particular, for any morphism ¢
in C(C, Cp), the following diagram commutes:

C(Cy, Co) &> F(Co)

w*l lF(sa)

e(C,Co) —= F(0).

Evaluating with the identity morphism id¢,, we obtain an element u = ec, (id¢,) in F(Cp); and commutativity
of the previous diagram gives: ec(¢) = F(¢)(u).

Conversely, if we are given u in F(Cy), define ec : C(C, Cy) — F(C) as before, for all objects C. Naturality
follows directly. O

The Yoneda Lemma leads to the following definition.

Definition 1.7.3 (Universal Elements). If F : C°P — Set is a representable functor, given a natural isomor-
phism e : C(—, Cyp) = F, the associated element according to the Yoneda Lemma ur = ec,(idc,) € F(Co) is
called the universal element of F.

Example 1.7.4. Fix a group homomorphism f: G — G’. Given any group H, define Hy to be the set of
group homomorphisms h: H — G such that f o h = 0. Given a group homomorphism ¢: H — H’, we get a
set map @*: H} — Hy sending h: H" — G to ho ¢. This defines a functor:

(=)f: Grp®® — Set
H+— Hf

(H B H') — (H} f—) Hf) .
The universal property of the kernel of f says exactly that this functor is representable by ker(f) and that
its universal element is the inclusion ker(f) < G, i.e. we have Grp(H,ker(f)) = Hy. Any universal property

you have encountered can be expressed this way (or in covariant way).

Notice that we said “the” universal element. This suggests some kind of relations between universal
elements, and so between classifying objects. We start by the following proposition, that will be crucial
subsequently.

Proposition 1.7.5. Let F,G : C° — Set be functors represented by Cy and C{; with natural isomorphisms
e:C(—,Cy) = F and e’ : C(—,Cj) = G. If there is a natural transformation « : F = G, then there exists a
unique morphism p : Cy — C{ such that the following diagram commutes:

e(C, Cp) 2 e(c,cy)

eClE E\Lelc (1 -6)

F(C) —<— G(0),

for any object C in €. Moreover, if k is a natural isomorphism, then p is an isomorphism in C.
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Proof. Let us first define p : Cy — C[. The universal element of F is given by: ur = ec,(idc,) € F(Cop).
Taking its image with xc,, we obtain an element xc,(ur) in G(Cp). Since e’CD 1 €(Co, C)) — G(Cp) is a
bijection, there is a unique element p in €(Co, Cy), such that e’c0 (p) = ke, (ur).

We now prove the commutativity of the diagram . Let ¢ be any morphism in €(C,Cp). On the one
hand we have:

kcF(¢)(ur), by Yoneda Lemma,

ke oec(p)

G(¢)kc,(ur), by naturality of «,

G(p)ec,(p), by definition of p,
and on the other hand, we have:

ecop:(p) = ec(poy),
= G(poy)(ug), by Yoneda Lemma,

= G(p)oG(p)(ug)
= G(<,0)e’c0 (p), by Yoneda Lemma.

We have just proved that the commutativity of diagram . Uniqueness of p follows immediately from its
construction since p is the unique morphism making the diagram commute in the case C = Cy.

Let k be a natural isomorphism. This means that for any object C in €, the morphism x¢ : F(C) — G(C)
is bijective. So there exists an inverse KEl : G(C) - F(C), for each object C. This obviously defines a natural
transformation ¥ : G = F, where k¢ = Kal. Applying the first part of this proof, there is a unique morphism
p : C — Cy corresponding to k. Moreover, we have kc okc = idp(c) and kc okc = idg(c), for every object C.
But these composites of natural transformations correspond respectively to p o p and p o p. By uniqueness,
we obtain p o p =id¢, and p o p =idc;, and so p is an isomorphism. O

We can now prove that classifying objects are unique up to isomorphism.

Corollary 1.7.7. Let F : C°® — Set be a representable functor. If Cy and C|) are representing objects of F
with universal elements ur and u}. respectively, then there is an isomorphism p : Co — C{ in € such that
F(p)(u}) = up.

Proof. There are natural isomorphisms e : €(-,Cy) = F and e’ : C(-,C)) = F. Taking the composites,
we obtain another natural transformation: A :=e’"toe : C(—, Cy) = C(-, C(), which is obviously a natural
isomorphism. By Proposition[I.7.5] 4 determines a unique isomorphism p : Co — C{, such that ¢ (f) = po f,
for any object C and morphism f : C — Cy. In particular A¢, (id¢,) = p.

The universal elements ur and u}, are given respectively by ec, (idc,) and e’C(,) (idcy). We get:

F(p)(up) = F(p)oeg,(idey)
= e¢,(p), by naturality of ¢’,
= eg, 0 Ac,(idc,)
= ec,(idc,), since e’ o A = e,
= Uur,
and so F(p)(uy) = ur as desired. .

Corollary 1.7.8. The Yoneda lemma determines a fully faithful embedding:

Y: € — Fun(C°, Set)
Co — C(—, Cp)

(cO EA cg)) — (e(—,co) L e ).

Here f. is the natural transformation defined for all C € C as the set map f.: C(C,Co) — C(C, Cj) where
f(p)=fopforall p: C - Cpyin C.
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What this corollary is saying is that in particular, we have for any two objects X and Y in C that:

X=Y o CC X)=C(C,Y), VCeC.
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Chapter 2

Homotopy theories

2.1 Simplicial sets

Let A denote the simplex category, whose objects are ordered sets of the form [r] ={0,1,...,n}, and whose
morphisms are order-preserving maps. The morphisms of A are generated by cofaces and codegeneracies.
For example, cofaces are of the form

d°, dt: [0] — [1],

skipping 0 or 1 in [1], etc. The codegeneracies look like s : [1] — [0] which “repeat” an element. The
cofaces and codegeneracies satisty certain cosimplicial identities.

If @ is a category, we let s@ = G2 denote the category of simplicial objects in €. If € = Set, we write
sSet := Set®” and call it the category of simplicial sets. A simplicial set X, € sSet consists of sets Xy, X1, ...
together with face and degeneracy maps satisfying the simplicial identities.

Example 2.1.1 (The nerve of a small category). Let C € Cat be a small category. We let N,C denote the
simplicial set with Ny€C = ObC, N;€ = MorC, and N,C the set of n composable morphisms in €. That is,

N,€ =N1CXpnye -+ Xny,e N1C.
The face maps are given by source/target/composition, and the degeneracies insert an identity morphism.
Example 2.1.2. By the Yoneda embedding, we get a functor

A" := Homa (-, [n]) : A°® — Set.
If X, is a simplicial set, then the set of n-simplices X,, is in bijection with Homgget (A", X).

r
Example 2.1.3 (Dold-Kan). There is an isomorphism Ch,%0 — sModg, where I',,Co = ®[]»[k]Ck. The
faces and degeneracies are left as an exercise.

Example 2.1.4. Define A7~ C R™! by

{(to,...,tn) ER™:0<u <1 Y 4= 1}.
View [n] = {vg,...,va}, for v; =(0,...,0,1,0,...,0) with a 1 at the ith place. Then if a: [m] — [n] in A,
we can define @(v;) = v4(;). Extend linearly to get a..: AT — AL . Then A‘Top is a cosimplicial topological

Top Top*
space.

Example 2.1.5. If X € Top, we can define a simplicial set Sing, (X) € sSet by Sing,, (X) = Homm,p (A%)p’ X)

29



Definition 2.1.6. If X, € sSet, its geometric realization is the topological space

1Xo| = Wpz0Xn X AT, /~,
where (x,s) ~ (y,t) if and only if there is some @: [m] — [n] so that a*y =x and a.s =1t.
Example 2.1.7. For n > 0, |A?| = A%Op
Exercise 2.1.8. For any simplicial set X, |X,| is always a CW complex.

Exercise 2.1.9. There is an adjunction | — | : sSet 2 Top : Sing(-)

Definition 2.1.10. A map X, — Y, is a weak homotopy equivalence in sSet if |X,| — |Y.| is a weak homotopy
equivalence of spaces.

Theorem 2.1.11 (Quillen). Simplicial sets up to weak equivalence is equivalent to topological spaces up to
weak homotopy equivalence. Moreover, for any X € Top, |Sing(X)| is weakly equivalent to X.

S\MPL\UAL 1S 7

The homotopy hypothesis (continued). If we are interested in studying Top up to weak homotopy
equivalences, we may equivalently study sSet up to weak equivalence; the relationship between the two
categories was given by the geometric realization / singular complex adjunction.

Recall that A" = Homa(—, [n]). We define the kth horn A} € A" as a coequalizer in sSet

]_[ An—2 = U An—l

0<i<j<n i#k

— A7,

where the two maps are 6/~! and 6°. The geometric realization of A} is the topological n-simplex, with the
middle and the face opposite the kth edge removed.

Definition 2.1.12. A simplicial set ¥ € sSet is a Kan complez if for all k < n, and for every A} — Y, there
exists a (not necessarily unique) lift:

A — Y

p
l/
//

An

Exercise 2.1.13. A simplicial set Y is a Kan complex if and only if for any (n—1)-simplices y1,..., Yk—1, Yk+1, - - -

such that d;y; =d;_1y; fori < j, i,j # k, there exists an n-simplex y such that d;y = y; for all i # k.
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Exercise 2.1.14. The simplicial set Sing(X) is always a Kan complex for any X € Top.
Exercise 2.1.15. The simplicial set A" is not a Kan complex for n > 1.
Exercise 2.1.16. If X € sGrp, then the underlying simplicial set of X is always a Kan complex.

We will see later that, up to weak homotopy equivalence, every simplicial set is a Kan complex.
Recall the Dold-Kan correspondence

sModz = Chz°,

which sends weak homotopy equivalences to quasi-isomorphisms. Given a simplicial set X., we can take an
associated simplicial abelian group Z[X.] by taking the free group on n-simplices at level n. We can ask
what Z[X.] corresponds to as a chain complex. One answer is that

Z[Sing(X,)] & C.(X;Z),
which tells us that
. (Z [Sing(X)]) = H.(X;Z).

In some sense, we can view Z[Sing(X)] as being (equivalent to) the free commutative monoid on X. This
statement is what is known as the Dold-Thom theorem.

Homotopy hypothesis: Spaces (up to weak equivalence) are co-groupoids. For us, spaces up to weak
equivalences correspond to Kan complexes.

Given X € Kan, we can call Xy the objects, and X; the morphisms. The horn filling conditions imply
that we can compose and invert morphisms in X, witnessed by simplices in Xs.

Definition 2.1.17. A quasi-category (i.e. oco-category) is a simplicial set with inner horn lifting property.
That is, we can lift against horns A} for 0 < k < n.

Exercise 2.1.18. A quasi-category has unique horn filling if and only if it is isomorphic to the nerve of a

1-category.

2.2 Model structures

Vista: Every nice infinity category is equivalent (in some sense) to a model category.

Notation 2.2.1. Let M be a category, and y € M a class of morphisms. We define LLP(y) to be the class
of morphisms in M so that f has the left lifting property with respect to all morphisms in y:

e

Similarly we can define f € RLP(y) by

X B\L/,/ lf

Definition 2.2.2. A weak factorization system on a category M consists of a pair (€,F) of classes of
morphisms such that
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1. Given any f : X — Y in M, it factors (not necessarily uniquely) as

X%Y

W

2. € =LLP(7) and F = RLP(€).

Example 2.2.3. In Set, the monomorphisms and epimorphisms give a weak factorization system. A fac-
torization is

X f

\
4
id X% %{

XXY

Y

Definition 2.2.4. A model structure on M consists of three classes of morphisms:

w weak equivalences
Cof | cofibrations
Fib | fibrations

We use the notation Cof := Cof N W and Fib = Fib N W, and call these trivial cofibrations (rvesp. trivial
fibrations). These collections of morphisms are subject to the constraint that

1. M is bicomplete (all limits and colimits)[]

2. W satisfies 2-out-of-3 propertyﬂ
3. (Cof, 1::1?)) and ((Toif, Fib) are weak factorization systems.

Terminology 2.2.5. A category with a model structure is referred to as a model category.

Notation 2.2.6. We will decorate each class of morphisms as

1We might also require finitely bicomplete.
2If f and g are composable, and any two of f, g, gf are in W then so is the third.
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a=>
MODEL CATS

w -
Cof | —
Fib | »

Exercise 2.2.7. The collections W, Cof, and Fib are closed under retracts: that is, if we have a diagram
—
fl 8 \Lf

Q/

] !

then if g € W (resp. Cof or Fib) then f € W (resp. Cof or Fib).
Definition 2.2.8. Let M be a model category, and let @ € M the initial object and * € M the terminal

object.
e We say that X € M is cofibrant if the unique map @ — X is a cofibration.

e We say that X € M is fibrant if the unique map X — * is a fibration.

e We say that Xisa cofibrant replacement of X if

0 ——— X

NoA

X

e We say that Xisa fibrant replacement of X if

X — v«

N

X

Example 2.2.9. Let M = Top, W = weak homotopy equivalences, Cof = relative CW complexe&ﬂ The
fibrations are determined by Fib = RLP(Cof) or, equivalently, RLP(D" — D™ x I). Every object is fibrant,
and the cofibrant objects are precisely the CW complexes. Cofibrant replacement is cellular approximation.

3A < X is a relative CW complez if X is built out of A by attaching cells.
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Proposition 2.2.10. Identities and isomorphisms are weak equivalences in a model category.
Proof. For any X € M, we can fibrantly replace it to get X < X. Consider the commutative diagram

x — d v x

NS

X.

By 2-out-of-3, the identity id: X — X is also a weak equivalence. More generally if f: X — Y is an
isomorphism in M, then by the diagram

i

X
|
Y |— Y |— Y’
we see that f is contained in W. O

If (C,9) is a weak factorization system, then both € and J are closed under retracts. Hence Cof, (’]?)Jf,
Fib, Fib are closed under retracts. As an exercise, show that W is also closed under retracts.

Exercise 2.2.11. A category M is a model category if and only if M°P is a model category.
Theorem 2.2.12. Cofibrations are closed under pushouts and coproducts.

Proof. Given any test square, we can try to lift:

X—)YﬁA

~
-
-
-~
- ~
—
-
-

Z—>P—B.

This map is constructed by universal property of the pushout:

X —7Y

NG
Z—>P
AN !
N
TP A

For coproducts, we can take X; < Y; for i € J. Let’s try to lift:

We know that each X; < Y; is a cofibration hence it lifts against the big square. By universal property a
map LI;Y; — A exists. m|

Example 2.2.13. If C is a bicomplete category, then € has a model structure where W is the isomorphisms,
and Cof = Fib = MorC.

Example 2.2.14. If M = Top, the Quillen model structure is given by
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e W = weak homotopy equivalences,
e Cof = retracts of relative CW complexes,
e Fib = Serre fibrations (RLP(D" — D" x I)).
Example 2.2.15. The Strgm (or Hurewicz) model structure on Top is given by
e W = homotopy equivalences,
e Fib = Hurewicz fibrations (RLP(A — A x I) for all A € Top),
e Cof = closed cofibrations in Top.

Fibrant replacement in the Strgm model structure looks like

Where My = (X x I) Ux Y is the mapping cylinder.

MG TP

)

Example 2.2.16. The Kan model structure on sSet is given by

e W = weak homotopy equivalences,
e Cof = monomorphisms (levelwise injections),
e Fib = Kan fibrations (RLP(A} — A") for all 0 < k < n).

Everything is cofibrant here (since the empty simplicial set injects into everything). Fibrant objects are Kan
complexes. Thus, every simplicial set is weakly equivalent to a Kan complex!

Theorem 2.2.17 (Milnor). The natural map X — Sing(]X]|) is a weak homotopy equivalence for any
simplicial set X. (See also Kerodon, 3.5.4.1.)

Definition 2.2.18. Let € be a category, and W C C a subcategory. A functor F : € — D is called the
localization of C with respect to W if:

1. F(f) €isoD if f € MorW,
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2. For any other F’ satisfying (1), we have

F’ G

-
F / .
EL

)

@]

We let € — C[W™!] denote the localization.

Here is a naive way to construct C[W™']: we take the free category on € and “W~1.” That is, we take the
same objects, but allow morphisms to be “zigzags” of morphisms forward in € and morphisms backwards in
W, and we mod out by the relation that things in W become isomorphisms. There are size issues here.

Theorem 2.2.19. If M is a model category, then localization M — M[W™1] exists. We denote by Ho(M) =
M[W~1] the homotopy category of M.

Recall in Top that f ~g: X — Y if there is a map H: X X I — Y so that H(—,0) = f and H(-,1) = g.

Definition 2.2.20. Let M be a model category. A cylinder object on X € M is defined to be

7

Cyl(X)

Xuux

The construction of cylinder objects is not functorial.

A (left) homotopy from f to g is a map H : Cyl(X) — Y such that Hoiy = f and H oi; = g. We denote
this by f ~ g.

Proposition 2.2.21. We have that ip : X — Cyl(X) is a weak equivalence (and same for iy).

Proof. We have
id

Xy xux Y3y
io\\,\x l /

Cyl(X)

By 2-out-of-3 on the outside maps, the result follows. o
Proposition 2.2.22. If X is cofibrant, then iy,i; : X — Cyl(X) are cofibrations.
Proof. Since cofibrations are preserved under pushouts, we have that iy and i; are cofibrations:
—> X
io

r

M S

— XX

5]
O

Theorem 2.2.23. (Exercise) If X is cofibrant, then homotopy =~ gives an equivalence relation on Hom(X, Y)
for any Y.



We can think of a map

Homy¢(X,Y)/~ x Homyn (Y, Z)/~ — Homy (X, Z) [~
(f.8) —gof.

In order for this to be well-defined, we need Z to be fibrant.
Lemma 2.2.24. If Z is fibrant, and f ~ g : X — Z, then if h: X’ — X, we have that fh =~ gh.

Proof. We have H : Cyl(X) — Y with Hy = f and H, = g. By lifting, we get

X'UX — XX — Cyl(X)

ek

Cyl(X') = s X’ s X.

This gives the desired map. We used fibrancy of Z to ensure that the map Cyl(X) — X was a trivial fibration
(or could be replaced with a better cylinder object using a map to Z). O

Theorem 2.2.25. In M, given f : X — Y with X cofibrant and Y fibrant, then f € W if and only if f is a
homotopy equivalenceﬁ

Notation 2.2.26. M. = cofibrant objects in M, and M = fibrant objects in M. We denote by M.s =
objects which are both cofibrant and fibrant.

Concretely, we can define Ho(M) as the objects in M, but where
Hompo ) (X, Y) = Homye, ./~ (ROX, RQY),

where R is a fibrant replacement and Q is a cofibrant replacement.

Exercise 2.2.27. Given X — Y in M, there exists QX i> QY such that

ox —L gy

oL

X—f)Y.

Here fis well-defined up to left homotopy.

Given some M — Ho(M), we just need to check that W + isos, and it is universal in that way.

2.3 Derived functors

Definition 2.3.1. Suppose M and N are model categories, and take a functor F : M — N. A left derived
functor of F is an (absolute) right Kan extension of F along yn¢ : M — Ho(M):

4Meaning that there is some g : Y — X with fg ~id and gf =~ id.
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if G : Ho(M) — N and s : G o yyy = F, then there exists a unique s’ : G = LF so that € o (s’ o yy) = 5.

Definition 2.3.2. Let F : M — N. A total left derived functor LF : Ho(M) — Ho(N) is the left derived
functor of M 5> N 2%, Ho(N).

Example 2.3.3. If F: M — N where if f € W between cofibrant objects then F f is a weak equivalence in
N, then LF exists:

M—E N s> Ho(N)

l o

Ho(M) ~

We will have that LF(X) — F(X) whenever X is cofibrant. In general, LF(X) = F(Q(X)).
Definition 2.3.4. Let F : M — N. We say that F is a left Quillen functor if
(i) F is a left adjoint
(ii) F preserves cofibrations and trivial cofibrations.
In this case if G is a right adjoint, then we say the adjunction is a Quillen adjunction / Quillen pairﬂ
Exercise 2.3.5. Show that L is left Quillen if and only if G is right Quillen.

Lemma 2.3.6. (Ken Brown’s Lemma) If F : M — N is any functor between model categories which sends
trivial cofibrations between cofibrant objects to weak equivalences in N, then F sends any weak equivalence
between cofibrant objects to weak equivalences.

Proof. Let f : A — B, where A, B € M.. We need F(f) to be a weak equivalence. Consider the factorization
of the coproduct of f and the identity on B:

AL[BLB

Then consider the pushout:

5There is a dual notion of right Quillen functor, meaning it is a right adjoint which preserves fibrations and trivial fibrations.
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We have that
B AUBL C
A A c
are both trivial cofibrations, hence their images under F are weak equivalences. We see that
F(p)oF(goidg) = F(pogqoidg) = F(idp).

Therefore F(p) is a weak equivalence by 2-out-of-3. O

Theorem 2.3.7. Suppose that F : M — M is left Quillen. Then LF : Ho(M) — Ho(N) exists and can be
defined as

Ho(M) 2 Ho(M,) 5> Ho(N).
Moreover, we obtain an adjunction on the homotopy categories:
LF : Ho(M) 2 Ho(N) : RG.
Proof idea. We have a natural iso
Homy¢ (X, G(Y)) = Homn(F(X),Y),
compatible with homotopy equivalence:
Homyt (X, G(Y))/== Homn (F(X),Y)/=

]

Theorem/Definition: Take a Quillen adjunction F : M 2 N : G. Suppose that f: X S G(Y), with
X € M. and Y € Ny is a weak equivalence if and only if f . F(X) - Y is. Then LF and RG are equivalences
of categories, we call this a Quillen equivalence.
Example 2.3.8. We have that

| = | : sSetkan 2 Topquinten : Sing(-)
is a Quillen equivalence.
Example 2.3.9. We have that
id : Topquitien © TOPsrgm : 1d

is a Quillen adjunction but not a Quillen equivalence.

Q: If M and N are model categories such that there is an equivalence of categories Ho(M) = Ho(N), is
this always coming from a Quillen equivalence?

A: No! Dugger—Shipley, 2009.

This indicates that Quillen equivalence is a good notion but it is not a perfect notion.
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2.4 Guided example: chain complexes

Let’s take Chz to be homologically graded unbounded chain complexes. There are three model structures
of interest. We first start with the projective one:

(ChZ)projective:

e weak equivalences are quasi-isomorphisms

e fibrations are levelwise epimorphisms

e cofibrations are levelwise monomorphisms such that the cokernel of each f, : X;, — Y, is free.

If M € Ab, we define S"(M) to be the chain complex M [n] which is concentrated in M at degree n. If
M =27, we call it S". We define D" (M) to be a chain complex

~~—>O—>Mid—>M—>O—>~~-
with two M’s concentrated in degrees n and n — 1. We call D"(Z) =: D".
Exercise 2.4.1. Show that fibrations are RLP(0 — D") for all n. That is,

0 — X
L
D" — Y.

We claim this lifts iff X — Y is a levelwise epimorphism. We have that Hom¢, (D",Y) = Y, so we are just
asking if every element in Y, lifts to an element in Xj,.

Exercise 2.4.2. Show that Fib = RLP (8" = D"*!') for all n. Consider Homcy, (5", Y). A map looks like

> Z > 0 >

Lol

e Yy > Y —

That is, it picks out a class in ¥,, which maps to zero under the differential. The data of a square

st — X
[
D" ——Y

is the data of (y,x) € ¥, & Z,,_1X so that p(x) = dy. Show that a lift exists if and only if p is a trivial
fibration.
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Other model structures.
(ChR)injective:

e W = quasi-isomorphisms
e Cof = fiberwise monomorphismsﬂ
e Fib = fiberwise epimorphisms with fibrant kernel
We get a Quillen equivalence
id : (ChR) projective 2 (ChR)injective * id-

We also have have a third one which is not Quillen equivalent.
(ChR)Hurewicz:

e W = homotopy equivalences of chain complexes
e Cof = split levelwise monomorphisms
e Fib = split levelwise epimorphisms

e denote by = Ho R)oroi | the derived category of a ring R.
We d by D(R) = Ho ((Chg) ;| the derived f a ring R

We can also think about connective chain complexes (which are zero in negative degrees). We have an
adjunction

Chg 2 Ch;’.

This induces a model structure on Ch;0 making it into a Quillen adjunction but not a Quillen equivalence.
We denote by Ho(Chz%) = D=O(R).
We get a model structure: (Ch;o)proj

e W = quasi-isomorphisms
e Fib = positive epimorphisms (may not be epi in degree 0)

e Cof = monomorphisms with projective cokernel. The cofibrant objects here are levelwise projective
R-modules.

If we take M € Modg, we can view S°(M) € Chio, and take a cofibrant replacement of it P - SO(M).
This is ezxactly a projective resolution of M!

s P s P
> 0 > 0

Example 2.4.3. Let M € Modg. Then we can take

~
o

¥
—
~

Py
M

~
e

~

S9(M) ®g —: Ch;;o - Chio.

We can check that this is left Quillen. We can look at its total left derived functor S°(M) ®% —. We can see
that

M &% N := S°(M) &% S°(N) = S°(M) ®g P.,
where P, is a projective resolution of N. We have that

H;(M ®g N) = TorR (M, N).
6Here we roughly have that Cof = LLP(D" — 0) and Fib = LLP(D"*! — sn).
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Exercise 2.4.4. In the same way, if we want to derive hom, we can check that
HOIHDzo(R) (S™(M),S"(N)) = EXt%_m(M, N).
Via Dold-Kan, we have a Quillen adjunction
R[-] : sSetkan @ sModg : U,

with the model structure on sModg given by weak homotopy equivalences as underlying simplicial sets, and
fibrations as underlying Kan fibrations.

Then Dold-Kan takes the form of a Quillen equivalence

N : (sModg)kan & (Chlzeo)proj : T

In general N(X ®g Y) # N(X) ®g N(Y), however N(X ®Y) = N(X) ®¢ N(Y). They both describe D=%(R)
in a monoidal way.

For Dold—Kan Chsq = sModg, we have

MON2MORON 2 M@ R®N---

we denote this by Be(M, R, N) and call it the bar construction.

2.5 Homotopy (co)limits

Motivation: Limits and colimits are not invariant under (weak) homotopy equivalence.

X —— CX X — *
L A
CX —> ¥X £ — %

However X # .

Let M be a model category, and € a small category. Then we denote by Fun(C, M) = M€, Let €y C € be
the discrete subcategory spanned by Ob(@). Let MC% = [le, M. This has a model structure where W, Fib,
and Cof are determined objectwise.

Consider ¢ : €y = €. This induces a map

This admits adjoints:

We have that «* creates W and Fib.
We have (M®)

proj’

e W = objectwise weak equivalence
e Fib = objectwise fib

e Cof = 7 induced by uCof
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We have that M is cocomplete, so we get a tensoring

M x Set® — M®
(X,F)» X®F =Up)X.

We have (X X F)(c) = U X.
There are representable functors

C(c,—) : € — Set
d - C(c,d).

By Yoneda, there is a natural iso

Set®(C(c,-), F) = F(c).
Tensoring with a representable functor gives

X ®C(c,—) =Ue,X.

This is the free diagram of X generated at c.
This gives an adjunction

—®C(c,—) : M2ME:eve.
In this case
u(F) = U, Ue(e,-) F(o),
which is the free diagram in M generated by F. Evaluating at d gives
u(F)(d) = Ueee Ue(c,a) F(c).

This is the functor ¢ : M — M. We see that 1 X is a left Kan extension

Cp =5 M

[
L Pid

7

e
There is a diagonal functor
M5 M
C — constant functor at X.
This admits adjoints
colim 4 A 4 lim .

Proposition 2.5.1. The adjunction

colim : (MG) 2M:A

proj

is Quillen.
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We denote hocolim := L colim. There is a map hocolim(-) — colim(-), and
hocolim(F) =~ colim(QF).

Here QF denotes a cofibrant replacement in (Me)pmj. For a general €, QF is very difficult to determine.

Consider € =a « b — ¢, and let X € M®. Then ¢ X is equal to

X(b) ——— X(b) LI X(c)

i

X(a) LI X(b)

Cofibrant objects in M are of the form

~ 4

with X cofibrant. Here cofibrant replacement is easy. We start with ¥ <i x5 Z, and we replace X with
X > X to get

X —>Y

i

Zz

If we cofibrantly replace X — Z, and similarly for Y, we get

—Z

< X

The maps we used to fibrantly replace induces a fiberwise weak equivalence between this diagram and the
one we started out with.

In (Top)quillen, We can take hocolim(x <= X — ). We cofibrantly replace X if necessary, and replace
X — x by X — CX, which is a cofibration. In this case we see that

hocolim (% « X — %) = colim(CX «— X — CX) = 2X.
More generally, hocolim(Y <L x5 Z) is the double mapping cylinder M(f, g).
Theorem 2.5.2. If M is a left proper model category then
hocolim(Y « X — Z) = colim(Y « X — Z).

Proof. In the easy case, X is cofibrant, so we can factor the map to Z to get

The entire rectangle is a pushout, so Z — P is a cofibration, and the right square is a pushout by the pasting
law, so H — P is a weak equivalence. o



Example 2.5.3. Let € = % — % — ---. Show that X, — X; — --- is cofibrant in M€ if and only if X, is
cofibrant and X; — X;,1 is a cofibration for each i.

There is a third model structure on M called the Reedy model structure (need € to be a Reedy cat). In
this case, hocolimpe (X.) = |QR9‘9‘]1YX.|7 for X a simplicial object in M.
Bar construction: Let M a model cat, € a small cat, F : C°° — M, and G : € — M. Then we define

B, (F,C,G) :=U¢ eceF(co) X G(co) & Ugyee, Fco) XG(c1) & -+
Example 2.5.4. If F =% =G, then
Bo(%,C, %) = N,(C°P).
Piece de résistance:
Theorem 2.5.5. (Bousfield-Kan) If F : € — M is a functor, then
hocolime (F) =~ |Be(*, C, F)| .

2.6 Combinatorial model categories

Show how model categories are enriched in spaces up to homotopy types and have cellular approximations
Definition 2.6.1. A model category is combinatorial if it is presentableﬁ] and cofibrantly generated.
To motivate presentability, let X be a set. Then X is determined by its elements, meaning that
Homsge (x, X) = X.
Then we can present X as X = Uycx {*}.

Definition 2.6.2. A colimit is filtered if the diagram is filtered, meaning it is nonempty and every subdia-
gram has a cocone.

Theorem 2.6.3. (Exercise) In Set, filtered colimits commute with finite limits. That is, if F : I xJ — Set
with [ finite and J filtered, then

colim; (n}n F,) = lim (colimy F)
is an isomorphism.
Proposition 2.6.4. A set X is finite if and only if
Homse (X, —) : Set — Set

preserves filtered colimits.

Proof. For the backwards direction, let I = {X;} be the collection of finite subsets of X. Then X = colim; X;.
In particular, we have that

colim; Hom(X, X;) = Hom(X, X)
x L %) 5 1dy?

For the forwards direction, Homsge (%, —) = idger so it preserves colimits. Since X is finite, we have that
X ={x1,...,x,}, hence

Hom(X, -) = Hom(U; {x;},—-) = limHom ({x;},-) .

Then we use finite limits commuting with filtered colimits. O

"By this we mean “locally presentable.”
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Definition 2.6.5. An object X € C is compact if Home (X, —) : € — Set preserves filtered colimits.

Hence if F : I — @, with [ filtered, then a map X — colim; F factors through an F (7).
Examples 2.6.6. Compact objects:

e Set, compact = finite set

e Vectp, compact = finite dimensional

e Modg, compact = finitely presented

e Grp, compact = finitely presented

e Top, compact = finite sets with discrete topology

e Ch, compact = perfect chain complexes (bounded, levelwise finitely generated and projective)

e sSet, compact = finite simplicial sets (X, finite for each n, and there exists an m so that all non-
degenerate simplices have dimension < m).

A topological space is (topologically) compact if and only if X € O(X) is (categorically) compact.
Lemma 2.6.7. Finite colimits of compact objects are compact.
Definition 2.6.8. A category C is presentable if

1. € is cocomplete

2. There exists a set S of compact objects in € such that every object in C is a filtered colimit of objects
in S.

We also say the “ind-completion” of S is €, denoted Ind(S) = C.
Theorem 2.6.9. C is presentable if and only if there is an adjunction of the form
Fun(K°P, Set) 2 C,
where K is some small category, and the right adjoint is fully faithful and preserves filtered colimits.
We might take K for example to to be isomorphism classes of compact objects in C, then we have

€ — Fun(K°P, Set)

Hom(-,X
X - K°p—>€op—i—)—>5et .

Theorem 2.6.10. Suppose C and D presentable. Then L : € — D preserves colimits if and only if L is a
left adjoint.
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GENERATED

Definition 2.6.11. Let I be a set of maps in a cocomplete category, fix A to be an ordinal, and let X : 1 — €
a functor, and suppose that X(a) — X(a + 1) fits into

Ay — X(a)

| l

B, — X(a+1),

where A, — B, is in I. Then we say that X(0) — colim, X is a relative I-cell complexr. We say an object
Y € Cis an I-cell complex if 0 — Y is a relative I-cell complex.

Ifr= {S" — D"“}WO7 then we are recovering the idea of CW complexes in spaces.
We denote by Cell; (€) the class of relative I-cell complexes.

Exercise 2.6.12. We have that Cell;(C) is the smallest class in € closed under composition, pushouts, and
filtered colimits.

Theorem 2.6.13. (Small object argument) Let C be cocomplete, let I a set of maps in €, and suppose that
for all A — B in I, we have that A is compact with respect to the full subcategory of of I-cells in €. Then
there exists a functorial factorization of maps in C:

X%y

N

C

with y € Cell;(€) and 6§ € RLP(I).

Proof idea. Start with X(0) = X, and take a map X(0) — Y. Suppose X(B) = colimy<pg X(a) is constructed
with X(B8) — Y. Look at the Setﬁ

A — X(B)

S= gl l cgel

B—Y

8Note this set is nonempty because we can take g to be id : X(8) — X(8).
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Denote by g; the map A — B appearing in s € §. Then we build

HSESAS — X(:B)

Hsg.vl - lECelll(e)

UsesBs — X(B+1)

By UP of the pushout, there is an induced map X(8+ 1) — Y. Then we claim that
X(0) — colimg X(B) =: C

is in Cell;(€). The only thing left to show is that C — Y is in RLP(I). Take

A —— C = colimg X ()

l |

B——Y7Y.

Since A is compact with respect to I-cells, the map A — C factors through some X(8). Since B — Y factors
through X(B8 + 1), we see that it lifts to B — C. )

Definition 2.6.14. A model category M is cofibrantly generated if there exist sets of maps I,J in M so that
e Cof = retracts of I-cell complexes, denoted m}lﬂ
o Cof = Cell; (€)
and “I and J permit the small object argument.”
Example 2.6.15. For Topqijen, We can take
= { s Dn+1}
J={D" - D" x[0,1]}.
Example 2.6.16. For sSetk.,, we can take
I ={0A" - A"}
J={Ak - A"},
Example 2.6.17. For (Chg),,.;,
= { s Dn+1}
J={0—- D"}.
Example 2.6.18. The Strgm model structure is not cofibrantly generated in the definition above.

Theorem 2.6.19. (Kan — Right transfer) Let M be a cofibrantly generated model category and € is any
category where there is an adjunction

F:-M2¢C:G.

Then € has a model structure where W and Fib are created by G. The model structure is cofibrantly
generated by F(I) and F(J) if:

1. F(I) and F(J) permit the small object argument

9The hat = means “retracts of -”
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2. G (Cellp(y)) are weak equivalences in M.

For combinatorial model categories, we get an inductive argument for building cofibrant replacements.

[Rezk-Schwede-Shipley] Combinatorial model categories are always simplicially enriched.

[Dugger] Any combinatorial model category M is Quillen equivalent to a localization of a projective Kan
one:

L.;Fun(K°P, sSet) & M.

2.7 Multiplicative structures on homotopy theories

The goal is to give a monoidal structure on the homotopy category Ho(M) of a model category M, then we
can consider rings and modules up to homotopy.

Definition 2.7.1. We say a symmetric monoidal category (C, ®,1) is presentably symmetric monoidal if:
e the category C is presentable;
e the bifunctor — ® —: € X € — € preserves colimits in each variable.

One consequence of being a presentably symmetric monoidal, is that the induced functor X ® —: ¢ — C
has a right adjoint, often denoted [X,—]: € — C, i.e. the monoidal structure is closed.

Definition 2.7.2. We say a category M is a (symmetric) monoidal model category if we have the following.
1. The category M is endowed with a model structure.
2. It is presentably symmetric monoidal (M, ®,1). E

3. It respects the pushout-product axiom, which says that the bifunctor — ® —: M X M — M is a Quillen
bifunctor, i.e. given cofibrations f: X < Y and f’: X’ — Y’ in M, the induced dashed map fOf’ on
the pushout in M

xox 2 xoy

feia | .

YeX —— P

is a cofibration in M. Moreover, fOf” is a trivial cofibration as soon as f or f” is.
4. The monoidal unit I is cofibrant[™]

Examples 2.7.3. (sSetxan,X,*), ((Chgr)proj, ®r,R) and (sModg, ®g, R) are symmetric monoidal model
categories.

Examples 2.7.4. (Topquiiiens X; *) and ((Chg)inj, ®r, R) are not monoidal model categories.

Exercise 2.7.5. Check that it is enough to verify the pushout-product axiom on the generating cofibrations
and trivial cofibrations, if M is a cofibrantly generated model category.

10We may relax this condition and just ask the monoidal category to be closed.
1'We may relax this condition and just ask that for some (hence any) cofibrant replacement QI — I we get that QI ® X —
I® X = X is a weak equivalence for any cofibrant object X.
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Observe that one of the consequence of being a monoidal model category is that, for any cofibrant object
X € M, the induced functor X ® —: M — M is a left Quillen functor (and thus [X,—]: M — M is a right
Quillen functor). Indeed, given a cofibration f’: A — B, denote by f: @ — X the cofibration and apply the
pushout product to fOf” we obtain the diagram:

I®A i) 0®B

]

X®A — X®A

3!

S idef’
Sy

X®B

Since we assume — ® Z to be a left adjoint for any object Z, it preserves initial object, so 0 ® A = 0 = ) ® B.
Thus X ® — preserves cofibrations and trivial cofibrations. Therefore we can left derive the bifunctor given
by the monoidal product, and we denote it

- ®@" —: Ho(M) x Ho(M) — Ho(M).
One can in fact check that we obtain the following.

Theorem 2.7.6 (Hovey). Let (M,®,I) be a (symmetric) monoidal model category. Then the derived
tensor product endows the homotopy category (Ho(M), ®,I) with a (symmetric) closed monoidal structure.
Moreover, the localization functor M — Ho(M) is lax (symmetric) monoidal, and is strong monoidal if we
restrict on cofibrant objects.

Similarly, we can introduce a variation on Quillen functors so that they are compatible with the monoidal
structures.

Definition 2.7.7. A weak symmetric monoidal Quillen pair is a Quillen adjunction:
L
—
(M, ®,1) L (N, AD)
=

between symmetric monoidal model categories, for which L is oplax symmetric monoidal (or equivalently, R
is lax symmetric monoidal) such that:

1. for all cofibrant objects X and Y in M, the natural oplax map L(X ® Y) — L(X) A L(Y) is a weak
equivalence;

2. the natural map L(I) — J is a weak equivalence.

These two conditions are immediately verified if L is strong symmetric monoidal rather than just oplax
symmetric monoidal. If the Quillen adjunction is a Quillen equivalence, then we refer to it as a weak
symmetric monoidal Quillen equivalence.

Theorem 2.7.8 (Schwede-Shipley). Given a weak symmetric monoidal Quillen pair
—
M,®,1) + (N,AD),
1&_/

we obtain a weak symmetric monoidal adjunction on the homotopy categories:

—
(Ho(M), &%, 1) L (Ho(N), AL, 0)
| ——

It is an equivalence of symmetric monoidal categories if the original adjunction is a weak symmetric monoidal
Quillen equivalence.
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Example 2.7.9. (Schwede-Shipley) Regard the equivalence of categories Chfe0 ~ sModg as a weak sym-
metric monoidal Quillen adjunction:

r

—
(Chlzgo)proj L sModg
u

N

where we give the normalization functor a lax symmetric monoidal structure N(A)® N(B) — N(A®B) via the
Eilenberg-Zilber map. This map is not an isomorphism, and so the equivalence Chio = sModpg is not com-
patible with the monoidal structures. However, once derived, since the above is a weak symmetric monoidal
Quillen equivalence, we obtain that Ho(ChI%O) = Ho(sModg) is an equivalence of symmetric monoidal cat-
egories. Indeed, we can show the Eilenberg-Zilber map has a homotopy inverse N(A ® B) — N(A) ® N(B)
given by the Alexander-Whitney map.

Given a monoidal model category M, we can also lift model structures on modules and algebras in M.
For instance, we can use Kan’s right transfer to defined a right-induced model structure on the category
Alg(M) of algebra objects in M using the free-forgetful adjunction:

TN
M L Alg(M)

N,

where T(X) = @X@’”. For this, not only we need to assume cofibrantly generated, we also require the
n>0
following axiom.

Definition 2.7.10. We say a combinatorial symmetric monoidal model category M respect the monoid
id
axiom if we have the following. Given any object X in M, denote by Sy = {X ® A lgf X®B| fe€J} where

J is the set of generating trivial cofibrations. Then any relative Sx-cell complex is a weak equivalence. If all
objects are cofibrant, the axiom is automatically verified.

By Kan’s right transfer, in order to obtain a model structure on Alg(M) we would need to check that
maps in U(Celly(y)) are weak equivalences in M. Thus we need first to understand transfinite composition
in Alg(M). As T preserves filtered colimits, then U preserves and reflects filtered colimits. So we need to
understand certain pushouts in Alg(M). These will be pushouts along free maps: given f: X — Y in M,
consider the pushout in Alg(M)

T(X) —> T(Y)

o

A——— P

We can give a very explicit construction of P: it is the telescope in M

Po=A > Py > P >

that we describe below. Informally, one can think of P as the formal product of elements in A and in Y
subject to the relations between letters induced by f: X — Y and the multiplication in A, while P, only
considers at most n factors from elements in Y. Let us now give a more robust definition.

Let us denote by P({1,...,n}) the poset of power set of the set with n-elements. Define a functor
W,: P({1,...,n}) > M as follows: on objects S C {1,...,n}, let

Wa(S) =A®C1iA®C,®---®C,®A
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where

c - X %fiéS
Y ifieS

The assignment on the maps is induced by the map f: X — Y. The functor W, defines an n-dimensional
cube diagram in M. For instance, at n = 2, it looks like:

ARX®AR®X®A — ARXQARYQ®A

l l

ARYRA®X®A —— AQRYRARY®A

Denote by W, the restriction of the functor W onto the full subcategory of P({1, .. .,n}) for which we removed
the terminal object. Again, for n = 2, it looks like:

ARX®ARX®A — ARXQ®ARY®A

!

AQYRAQ®XQ®A
Let O, = colim W, in M, and define P, inductively (recall Py = A) as the pushout in M:

0, —— (AQY)®"® A
| -
Pn—1—>Pn

The top horizontal map is induced by the universal property of the colimit and the maps we have removed

from W, to obtain W,. The left vertical map Q, — P,_; is defined by repeatedly applying the map X — A

whenever C; = X in W,(S), i.e. i ¢ S, and then if A® A appears in the copy, use the multiplication on A.
We are now left to check 3 things:

1. P is an algebra in M
2. the induced map A — P is an algebra homomorphism
3. P is indeed the desired pushout in Alg(M).
For (1): the unit of A induces the unit of P:
I— A=Py— P=colim,>q P,

The multiplication on P is defined from maps P, ® P,, — Pu+m which can be defined from the pushout
definition of P, by simply concatening all the words together. It its then elementary to show that the
multiplication is indeed associative and unital. This also automatically shows (2). For (3), suppose there
was an algebra B fitting into the diagram in Alg(M):

T(X) — T(Y)

Lol

A — B.

By adjunction, it also defines a diagram in M:

X —Y

Lo

A —— B.

Define the unique homomorphism P — B of algebras by applying the maps ¥ — B and A — B whenever
appropriate, this uniquely defines it. We are now ready to show the following.
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Theorem 2.7.11. (Schwede-Shipley) Suppose M is a combinatorial symmetric monoidal model category
that respects the monoid axiom, where the generating cofibrations and trivial cofibrations are denoted by
(1,J) respectively. Then there exists a right-induced combinatorial model structure on Alg(M), i.e., fibrations
and weak equivalences are created in M via the forgetful functor in the adjunction

I
M1 Alg(N)

N

The generating cofibrations and trivial cofibrations are (T(1),T(J)).

Proof. From Kan’s right transfer theorem, we need to check maps in U(Cellr(;)) are weak equivalences. So

suppose in our construction of P above that f: X <> Y was a trivial cofibration. We need to show A — P
is a weak equivalence. It is enough to show P,_; — P, is a weak equivalence for all n > 1. For this notice
that the map Q, — (A®Y)®" ® A is isomorphic to 0, ® A®"™*! — Y®" @ A®"*! using symmetry, where Q,,
is obtained as Q, but where we deleted all instances of A appearing in the punctured cube W,. Then using
the pushout-product axiom, we can check that the induced map @n — Y®" ig a trivial cofibration. Thus by
the monoid axiom, we get that P,_; — P, is a weak equivalence. O

Exercise 2.7.12. Show that if A is cofibrant as an algebra in M, then A is also cofibrant as an underlying
object in M.

A similar result can be deduced for modules, and it is easier as colimits of modules are computed in the
underlying category.

Exercise 2.7.13. Suppose M is a combinatorial symmetric monoidal model category that respects the
monoid axiom, where the generating cofibrations and trivial cofibrations are denoted by (I, J) respectively.
Let R be an algebra in M. Show that the category of right R-modules Modg (M) is combinotorial model
category, with weak equivalences and fibrations determined in M, and the generating cofibrations and trivial
cofibrations are given by I ® R and J ® R respectively, using the free-forgetful adjunction

N
M 1 Modg(M)

N,

Exercise 2.7.14. Show that if one additionally requires R to be a commutative algebra, then the induced
model structures in Modg (M) in previous exercise is in fact a symmetric monoidal model structure that also
satisfies the monoid axiom, with respect to the relative tensor product over R.

Exercise 2.7.15. Let f: R — S be a homomorphism of algebras in combinatorial symmetric monoidal
model category M that respects the monoid axiom. Show there is a Quillen adjunction

_——-®S
Modg (M) L Mods(M)
& f* —

Show it is a Quillen equivalence, if and only if f is a weak equivalence. Show it is (strong) monoidal Quillen
pair if R and S are commutative.

Remark 2.7.16. The case for commutative algebra is more subtle. It is sometimes possible to lift the model
structure as in the non-commutative case, but further restrictions on M is required. Notably, one can see
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that it is impossible to give a model structure right-induced on chains:

SN

(ChR)proj 1 CAlg(Chg)
’\ U /

whenever char(R) # 0. Indeed, suppose char(R) = p, and A — B is a homomorphism of commutative algebra,
that is a fibration in Chg. Suppose x € H,(B), for n even. Then x” is in the image of H.(A) — H.(B).
There exists y € A that is mapped to x but dy? = py?~! = 0 by Leibniz rule. Therefore it is impossible to
factor a homomorphism of commutative algebra by a weak equivalence followed by a fibration.

HLTAC

HONOIDAL
CATEGORIEY

2.8 Application: homotopy coherent multiplication on spaces

Last time: We had M a model category, and ® a monoidal structure. We used this to give a monoidal
structure on Ho(M), given by ®, the left derived tensor product. We used this to give a homotopy theory
on Alg(M), and Modg (M), etc.

Q: What are algebras in the homotopy category of a model structure M? An example of interest is
M = Top.

What are commutative algebras in Top?

Theorem 2.8.1. (Moore) If X € CAlg(Top), then there is a weak equivalence
]_[ K(mi(X),i) — X.
i=1

Proof. Let G, = m,(X). Then we take
0—>F—>2Z[G,] -G, —0.

Then we get that ﬁn(vgegn NS Gage(;”ﬁn(S") =Z[G,]. Using the Hurewicz theorem, there is an isomor-
phism

Ta(VS™) = H,(VS™),
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so we can pick f; € m,(S8") for each e; in a basis of F. This gives us a pushout
ViegS" —— VgeG,S"
|
* ———— M(Gp,n)
This gives a map V,>1M(G,,n) — X. By universal property, we get an algebra hornomorphisrm
SP(Vaz1M(Gp,n)) — X

The Dold-Thom theorem states that 7,SP(Y) = H,(Y), given some connectedness hypothesis (path-connected?).
We get that

SP(Vaz1M(Gu,m)) = [ | SP(M(Guom) = | | K(Giom).

O

Definition 2.8.2. We say that X € Alg(Ho(Top)) if and only if X is a CW complex, with multiplication
and unit

XxX—-X

* — X

which are associative and unital up to homotopy.

These are also called H-spaces. The most prototypical example is a loop space.

'L”Ob‘P\i’U
-

Example 2.8.3. If X is a based space, we can build QX as the homotopy pullback of the two maps from a
point. Concatenation gives a map QX x QX — QX.

Example 2.8.4. Eilenberg-MacLane spaces K(G,n) are uniquely determined up to homotopy. We have
that

ik (QK(G,n)) = mi1 (K (G, n))
therefore QK(G,n) = K(G,n-1).

I2Here SP(-) denotes the infinite symmetric product, i.e. the free commutative algebra in Top.
13The infinite symmetric product is left adjoint to the forgetful functor, i.e. SP : Top 2 CAlg(Top) : U.
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Q: Given X an H-space, such that myX is a group, is X a loop space?

A: No, there are many grouplike H-spaces that are not equivalent to QX. For example S7 C O the unit
octonians.

Loop spaces have an extra condition. Given w,x,y,z € QX, there is an association (xy)z = x(yz). There
is a pentagon witnessing the different ways to associate four elements.

We can keep going with 5 loops, 6 loops... and we get the Stasheff associahedra K(n), which tell us how
to concatenate n loops. These give maps

K(n) x (QX)" — QX,
witnessing the higher associativities of concatenation. We call this an A-algebra structure.

Theorem 2.8.5. (Stasheff) Given X connected, we have that X ~ QY for some Y if and only if X is an
Ax-algebra in spaces that is grouplike.

Rigidification: We have that Ho(Alg(sSet, X)) = Alg, (Ho(Top)).
Let €= (C,®,1,[—,—]) be a closed monoidal category.

Definition 2.8.6. An operad in C is a collection of objects {O(j)} ;o in € such that
1. there is a right action of X; on O(})
2. 0(0) =1
3. I — O(1) exists in C

4. composition

. SN Y . .
0k)®0(j1)®---®0(k) = O0(1+...+ k)
for all k > 0 and jy, ..., jx = 0 such that they are equivariant, unital, and associative.
We think about O(j) as an abstract way to compose j-ary operations.

Example 2.8.7. We let Assoc be the operad defined by

Assoc(j) = U I

oey;
We can define Comm(y) = I.
Example 2.8.8. If X € C, the endomorphism operad is given by
Endx(j) = [X*/, X].

Definition 2.8.9. A morphism of operads O — O’ is a sequence of maps ¢; : O(j) — O’(j) for g > 0 that
are equivariant, associative, and unital.

Definition 2.8.10. Given O an operad in €, an O-algebra (X, #) in € is X € € together with a morphism of
operads 6 : © — Endy, sending O(j) — Endx(j). By adjointness, we think about this as O(j) ® X&' — X
which are associative and unital.

This gives us a category of O-algebras, denoted Algy(C).
Example 2.8.11. We have that

AlgAssoc(e) = Alg(e)
Algcomm (€) = CAlg(C).

We have that M is a monoidal model category if O is nice enough, i.e. we get an adjunction

M 2 Algy (M).
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Definition 2.8.12. A monad in C is an algebra in (Fun(C, €),o,ide). That is, M € Alg(Fun(C, @)) if we
have M : C — C together with u: M oM = M, and 7 : ide = C that are associative and unital.

Example 2.8.13. Every adjunction L : € 2 D : R defines a monad RL.

Definition 2.8.14. An algebra (X, 0) over a monad (M, u,n) in Cis X € € together with maps 6 : M(X) — X
such that they are associative and unital, meaning that the diagrams commute:

HMX

X —1% M(X) M(M(X)) — M(X)

\ f M| 1o

M(X) —— X.

Definition 2.8.15. If M is a monad, a morphism of M-algebras (X,0) — (X’,0’) isamap f: X — X' in C
so that the diagram commutes

Mx —% 3 x

w ]

MX’ T) X'
Example 2.8.16. Consider R a commutative ring, and the adjunction
- ®z R : Ab 2 Modg : U.
This forms a monad M := — ®z R : Ab — Ab. Then Alg,,(Ab) is equivalent to Modg.

This is not always true! When this happens we say the adjunction is monadic.
Given a monadic adjunction

€2 D = Algg. (),
we get a ton of things for free:
e R will preserve colimits if RL does
e get things like free monadic resolutions, bar constructions, etc.

[Some of these notes were typed from grad school, a bit outdated]
Given an operad O in a nice enough monoidal category €, we obtain a monadic adjunction:

e 717 Algy (@)

The left adjoint provides the free O-algebra functor, which is given on an object X € C by the coequalizer in

C:
[[oex® == ] [o() &z, X/

j=0 j=0

First map is induced supposing we have a canonical map I — X in C, and the other map is induced by
composition y on O(j) with j — 1-copies of O(1) and 1-copy of O(0) and thus lands to O(j — 1). [Make this
more precise]

This adjunction gives defines a monad O: € — €. And this is always monadic (exercise). So O-algebras
in € are equivalent to O-algebra in C.

We define now an operad on the symmetric monoidal category (Top, X, %), where by spaces we mean
topological weak Hausdorff k-spaces.
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Definition 2.8.17. Let J" be the interior of the n-dimensional unit cube [0,1]". A little n-cube is a
rectilinear map ¢ : J" < J". Algebraically, this means the map is of the form :

(tl’ e ,tn) — (al + (bl - al)tla .o ap t (bn - an)tn),

with (ai,...,a,),(b1,...,b,) € [0,1]" such that 0 < a; < b; <1, for all 1 <i < n. The image of ¢ defines a
n-dimensional cube in [0, 1]" with a non-empty interior and faces parallel to the faces of the ambient unit
cube.

Definition 2.8.18. The little n-cube operad C, is defined as follows :

J
Co(j) = {(cl, ...»¢j) | ¢; are little n-cubes with disjoint interior} € Map (U J", ]n) .
i=1

The identity is defined by the element idj» € C,(1). The symmetric group X; acts (freely) by permutation
on the indices of the tuple (c1,...,c;). If we write ¢ = (c1,...,¢j), we define the composition operation y
as follows :

¥: Cu(k) X Cp(j1) X == X Cu(ji)  — Ca(jr+---+jk)
(255_117"°’4k) — £°(5_11+"'+£lk)-

Notice that there are natural inclusions:

C e (C1 Xid],...,Cj Xid]),
allowing to define Cs(j) = colim, C,(j) for each j > 0. The composition y extends naturally so that Ce is
an operad.

We can reinterpret the spaces C,(j) in terms of configuration space. Let M be a n-manifold, the j-th
configuration space of M is :

F(M;j):{(xl,...,xj)EMXj | x, # xg ifr;ts} c M™Y.

It is a nj-manifold with X; free-action on coordinates. For 1 < n < oo, the spaces C,(j) are X;-equivariantly
homotopic to F(R";j) via the map :

Cu(j) — FU"5))
(c1,....¢cj) > (c1(p),....cj(p)),
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where p = (%, cee %) in J". This makes C; an Ay-operad, Cs a Ew-operad, C,, a locally (n — 2)-connected
Y-free operad.

Proposition 2.8.19. Given a pointed space X, its n-th iterated loop space Q"X has a natural C,-algebra
structure.

Proof. Regard Q"X as the space Map ((%, ), (X, *)). Define the action :
0: Co(j) x (Q"X)) — Q"X,

as follows: given (c1,...,¢;) in Cu(j) and (y1,...,y;) in (Q"X)7 define Q(Q,X) as:

[0,1] X
a[0,1]"
-1 . .
yroc, (1), ifteim(c,)
T {*, ifr¢im(c,) forany 1 <r <j
One can check that all the desired diagrams commute. O

Recall that given a pointed space X, the associated monad of C, is defined as:

/N_

The above result implies that Q"X is also a C,-algebra, hence there is a map C,(Q"X) — Q"X, for any
pointed space X. There is a natural map :

Ca(X) = (| [ Cu(i) x5, X7

720

ap  Cp(X) — Q"2 X,

defined as follows. The identity map on X"X has an adjoint X — Q"2"X. Applying the functor C,, we get
the left map in the composite :
Ch(X) — C(Q'2"X) — Q'Y X,

and the right map is defined by the Cp-algebra structure on Q"Z"X. The above composite defines the map
ay. It is a morphism of monads, where the monad structure on the functor Q"X" : Top, — Top, is defined
for any pointed space Y :

Q'IQMYY — Q'YY,

by a map £"Q"Y"Y — XY which is the adjoint of the identity map Q"X"Y — Q"E"Y. More concretly, the
map a, : Cp(X) — Q"E"X can be regarded as follows :

0,1]"
Cn (X) — Q"I"X = Map ((6[[0, 1]]n s *)s (ZnX, *)
[0,1]"
i X
((c1,...,cj),(xl,...,xj)) — . . te 6[[0011];” = §" = I {x, x; },if £ € im(c;) € J"
%, if t ¢ im(c¢;) forany 1 <i < j

Theorem 2.8.20 (Approximation). For any based space X, there is a natural map of C,-algebras :
a, : Ch(X) - Q'Y"X,
for 1 < n < o0, and @, is a weak homotopy equivalence if X is connected.
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Proof. We construct the following commutative diagram :

Cu(X) < > X, — 2% Coo1(2X)

| l l

Qiynx s pon-iyny Ly gn-lyny,

where p is the usual path fibration to a space with fiber its loop space. The space X, is constructed such
that it is contractible and p,, is a quasifibration if X is connected. O

Theorem 2.8.21 (Recognition). If X is a connected grouplike C,-algebra, there exists a based space ¥ and
a weak equivalence of C,-algebras between Q"Y and X.

In order to construct this delooping of X, we use the two-sided bar construction in Top,. Given a monad
(M, u,n) in € and a category C, a M-functor in C is a functor F : &€ — € with a natural transformation
A: FM = F such that the following diagram commutes :

FMM(X))) 2 pr(x), Fx) 2 pm(x))

) b SN

FM(X) —2—5 F(X), F(X).
For instance, (M, ) is itself a M-functor in E.

Definition 2.8.22. Given a monad (M, u,n) in &, a M-functor (F, Q) in €, and a M-algebra (X,¢) in €&,
define the two-sided bar construction of (F,M,X) by :

By(F,M,X) = F(M(X)).
The object is simplicial in C :

F(X) &= F(M(X)) g F(M(M(X))) — F(M(M(M(X))))

where the blue arrows are induced by ¢ : M(X) — X, the red arrows by 1 : F(M(X)) — F(X), the green
arrows by u : M(M(X)) — M(X), and the black arrows by  : X — M(X). We denote its geometric
realization by B(F, M, X) =| B.(F,M,X) |.

Proof. The operad C, is replaced by a "nicer” equivalent operad D so that B.(F, D, X) is a strictly proper
simplicial space. We construct a zig-zag of maps :

X +— B(D,D,X) —> B(Q"S",D,X) — QB(=", D, X).

The map B(D,D,X) — X is induced by D(X) — X as X is a D-algebra and B(D, D, X) should be regarded
as the usual simplicial resolution of X. The map B(D, D, X) — B(Q"%", D, X) is induced by a, : D — Q"¥"
(and should now be regarded as a morphism of D-functors). It is a weak equivalence when X is connected
(not obvious on the simplicial resolution). The last map B(Q"%2", D, X) — Q"B(X", D, X) should be regarded
as the non-trivial weak equivalence | QX, |— Q | X, |, true only when X is connected. Thus let Y be
B(X", D, X). O
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Chapter 3

Higher categories

3.1 Foundations

Definition 3.1.1. A simplicial set C is an co-category (or quasi-category) if it has inner horn filling — for
all 0 < k < n, we have

A —— ¢

We shall see that co-categories are fibrant objects in sSet with the Joyal model structure.
Example 3.1.2.

1. If € is a Kan complex, then it is an co-category

2. If C is a category, then NC is an co-category.

Definition 3.1.3. Given an oo-category €, the objects of C are the VerticesE] the morphisms are 1-simplices.
We have source and target maps d',d° : C; — C‘TOE] We define the set of morphisms from X to Y as the
pullback

home(X,Y) — €

|
L e

61 i r— eoxeo.

(X.Y)

1X € @ means X € Gy
2We write f: X — Y in C to mean f € €1 with s(f) =X and ¢(f) =Y.
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We have that home (X, Y) is the set of vertices of a simplicial set Home (X, Y), which forms a Kan complex
that we define later.

Definition 3.1.4. Given X € € we define idx € C; by s°(X).

How do we compose? Composition won’t be unique, but it will be unique up to homotopy.
Given f: X > Y and g : Y — Z in C, this determines a map of simplicial sets Af — €. By inner horn
lifting, we have

A2 ——¢C
s
a2’

We refer to the filling as a composition:
Y
N
- s 7
X ; z

Exercise 3.1.5. Given an co-category C, how can we define C°P7 Would want that N(C°P) = (NG)°PE|

Detour: Let A € Cat, and let € be a cocomplete category. Recall that Fun(A°P, Set) is the free cocom-
pletion. Given a functor A — €, by universal property there is a map

Fun(A°®P, Set)
This gives us an adjunction
| =g : Fun(A®P,Set) 2 C: Singy ().
Here Singg (-) = Home(Q(-), X).

Example 3.1.6. If C = Top, then we can take Arq, : A — Top, sending [n] to A%Op. In this case, we recover
the usual | — | and Sing(—) adjunction.

Example 3.1.7. If C = Cat, there is a functor A — Cat sending [n] to the associated poset category. We
get an associated adjunction:

7:85et 2 Cat: N,
since N = Homc,([-], ©).
Exercise 3.1.8. Describe 7 : sSet — Cat explicitly.

We call 7 the fundamental category functor, essentially it will produce the homotopy category of an
co-category.

Definition 3.1.9. Given an co-category C, two morphisms f: X —» Y and g : Y — Z are homotopic, written
f = g, if there exists a 2-simplex o : A2 — € with boundary (g, f,idx):

X
iyx
- sy

X 7 Y

3Every Kan complex has that C°P = C.
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Example 3.1.10. If € is an ordinary category, then in NC, we have that f ~ g if and only if f = g.

Proposition 3.1.11. Given € an co-category, and X,Y € C, the homotopy relation provides an equivalence
relation on home(X,Y).

Definition 3.1.12. We denote by [f] the homotopy class of f.

Sketch. We first need to show reflexivity, so we want to find a 2-cell witnessing

"

- s
X G Y

We check that this is so(f), where f € C1, and s¢ : €1 — Co.
For symmetry, suppose we have f =~ g. We want to show g ~ f. We can fill a A3 witnessing this.
Transitivity is left as an exercise. o

Definition 3.1.13. Given € an co-category, define the 1-category Ho(C) to be the homotopy category, given
by

ObHo(C) = €y
HOIHHO(@)(X,Y) = home(X,Y)/~.

In order to show this, we need to argue that composition is well-defined up to homotopy.

Suppose we have two compositions

Y Y
NN
— Z. _— > Z.
X ™ Z X e VA

We want to argue that s; =~ ho. This can be done by filling the horn of a 3-simplex.
Proposition 3.1.14. When we restrict the adjunction 7 4 N to co-categories, we get an adjunction
Ho(-) : Cate, 2 Cat: N.
The way to compose arrows is contractible.

Definition 3.1.15. The internal hom of simplicial set is given as follows. Given X and Y simplicial sets, we
define Hom,(X,Y) as:
Hom,(X,Y) = Homgge; (A® X X, Y).
Theorem 3.1.16. The inclusion A% — A? induces a map
Hom, (A%, €) — Hom. (A7, @)
which is a trivial Kan fibration if and onlly if € is an co-category.

Proof. Here is the main idea. We need to show there is a lifting:

OA" —— Hom, (A%, @)

£ 3//>r l

JJ—N Hom.(A%,@).
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By adjunction, this is equivalent to have a lifting:

(A" x A2) ]_[ (04" x A*) — €

OA"XA? P
L
A" x A?

This will follow from seeing that C is a fibrant object in model structure on sSet, and the left vertical map
is a trivial cofibration, because it is generated by inner anodyne A < A" cofibrations. O

Definition 3.1.17. An inner fibration in simplicial sets is a map which has the right lifting property with
respect to the inclusions A} < A™".

As a consequence, we can take a pullback diagram:

P — Hom,(AZ%,@)

l |

A —— Hom, (A2, C).

Then the pullback P — A should be a trivial fibration, meaning that P is a contractible Kan complex.

Definition 3.1.18. Given C an co-category and X,Y € @, recall that a map f : X — Y corresponds to Al — C
whose faces are X and Y. An n-morphism from X to Y is simply a map A" — @ such that A{®--7-1} = X
and Al" =y,

For n > 2, all n-morphisms are invertible in some sense.

Definition 3.1.19. Two objects X and Y in C are equivalent, written X ~ Y if there exists a 1-morphism
f:X —> Y in € such that [f] in Ho(C) is an isomorphism.

Definition 3.1.20. An oco-groupoid is an oo-category for which Ho(C) is a groupoid, meaning all the 1-
morphisms are equivalences.

Theorem 3.1.21. (Homotopy hypothesis) We get that € is an co-groupoid if and only if € is a Kan complex.

Example 3.1.22. How to define the opposite C°P of an co-category? This is a good exercise to try on
your own first. Here is the solution. We can view A as a subcategory of finite linear ordered sets Lin with
non-decreasing functions. This has an involution Lin — Lin which sends a poset (I, <) to (I, <°°) where
i <°" j whenever j < i. This defines a similar functor op: A — A which is identity on object, and sends a
map a: [m] — [n] to op(a): [m] — [n] defined as i — n — a(m —i). Therefore, given a simplicial set X,, we
can define X;® by precomposing by the previous functor. Essentially, d;® = d,—; and s{° = 5,_;. Doing this
for an co-category shows we switch source and target.

Proposition 3.1.23. If € is an co-category, then C°P is also an oco-category.

Proof. Notice we have an isomorphism of simplicial sets (A")°P = A" and that sends (A)°P to A”_.. m}

3.2 Equivalence of co-categories

What is the correct notion of an equivalence of co-categories? Let us first see how the notion of opposite is
compatible with ordinary sense.

R

Proposition 3.2.1. Given C an ordinary category, then we obtain an isomorphism of simplicial sets N(C)°P
N(C°P)
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Proof. The string

Xoﬁ)Xlﬁ)—)Xn
is sent to
pig ya
Xy > Xp1 > > X o

Just as groupoids are equivalent to their opposite categories, the same should be true for co-groupoids.
This is first observed by the following result.

Proposition 3.2.2. Given X a topological space, then Sing(X) = Sing(X)°? as simplicial sets.

Proof. A n-simplex |A"| — X is send to |A"| 5 |A"| — X where the homeomorphism is defined via
(10,11, - 1) & (tnstn-1, . . - To). o

Therefore, given X a Kan complex, we obtain:
X <= Sing(|X]) —— Sing(|X[)°®® —— X°P.

Of course, isomorphism of simplicial sets is too strong of a notion for an equivalence of co-categories. At
most, we would want the notion to not be stronger on spaces: two Kan complexes that are equivalent as
homotopy-types should also be equivalent as co-categories.

Let us get inspired by ordinary categories. Two ordinary categories € and D are equivalent if a functor
F: € — D induces an isomorphism of sets Home(X,Y) = Homp (F(X), F(Y)) and D = F(C) for all D € D
for some C € C. An easier way to generalize, is to have another functor G: D — € such that FoG and Go F
are equivalent in the functor categories to the identity functors. Let us also record the following.

Example 3.2.3. There is a canonical model structure on Cat where weak equivalences are given by equiv-
alences of categories, cofibrations are functors that are injective on objects, fibrations are isofibrations. An
isofibration is a functor p: € — D such that for all C € €, for all isomorphism g: D 5 D’ in D where
p(C) = D, there exists f: C — C’ such that p(f) = g.

Definition 3.2.4. A functor of co-categories € — D is a morphism of simplicial sets (i.e. a natural trans-
formation).

This definition provides all the expectations of what a functor should do: preserve the choice of com-
positions, preserve equivalences, preserve identities, send n-morphisms to n-morphisms (exercise). Although
evident from the definition, it is crucial to keep in mind that it is not enough to define a functor by simply
assigning objects and 1-morphisms, we must also define on all higher morphisms.

Example 3.2.5. An ordinary functor € — D defines a functor N(C) — N(D) of co-categories.

Example 3.2.6. Given an co-category € and an ordinary category D, then the data of a functor € — N(D)
is equivalent to a functor Ho(C) — D.

Example 3.2.7. Given an equivalence f =~ g in €, we obtain F(f) ~ F(g) for any functor F: € — D, and
thus we obtain an ordinary functor F: Ho(C) — Ho(D).

Example 3.2.8. Given € an co-category, and X a topological space, a functor € — Sing(X) is equivalent to
a continuous map |C| — X.

Definition 3.2.9. A diagram in an co-category is a morphism of simplicial sets K, — C, where K, is any
simplicial set.

Example 3.2.10. A diagram A! x A' — € makes sense of a commutative diagram:



As hint of what the co-category of functors of co-categories, we have the following.

Example 3.2.11. We have an isomorphism of simplicial sets:
N(Fun(C, D)) = Hom.(N(C), N(D)).
Theorem 3.2.12. Given K a simplicial set, € an co-category, then Hom. (K, C) is an co-category.

Proof. Notice that Hom, (K, —) preserves trivial Kan fibrations (because sSet with Kan model structure is a
monoidal model category). Therefore, as € is an co-category, by Theorem [3.1.16] we obtain:

Hom, (K, Hom, (A%, €)) — Hom, (K, Hom,(A?, €))
which by symmetry, is equivalent to trivial Kan fibration:
Hom, (A%, Hom, (K, €)) — Hom, (A2, Hom,. (K, €))
We conclude by Theorem [3.1.16] again. ]

Definition 3.2.13. Given an co-category C, and a simplicial set K, we denote by Fun(K, C) the co-category
Hom, (K, C).

Definition 3.2.14. A natural transformation between functors € — D is a morphism in Fun(C, D), i.e. a
map of simplicial sets A’ x € — D.

Definition 3.2.15. Given € an co-category, define C= to be the maximal co-groupoid of C: the subsimplicial
set for which n-simplices carry edges to equivalences in C.

Example 3.2.16. For € an ordinary category, we have an isomorphism of simplcial sets N(C%) = N(C)=.
Exercise: Show C~ is indeed a Kan complex.

Definition 3.2.17. The homotopy category of co-categories hQCat is the category for which objects are
oo-categories and for which the hom sets are the equivalence classes of functors:

Homppcar (€, D) = mo(Fun(C, D)7).

We obtain an adjunction:

Definition 3.2.18. A functor F: € — D is an equivalence of co-categories if it is an isomorphism in hQCat.

Example 3.2.19. Let C and D be ordinary categories. A functor € — D is an equivalence of categories if
and only if N(C) — N(D) is an equivalence of co-categories.

Example 3.2.20. Given X and Y are Kan complexes, then X — Y is a simplicial homotopy equivalence if
and only if it is an equivalence of co-categories.

Remark 3.2.21. Given € and D are co-categories, if € — D is an equivalence of co-categories, then it is a
simplicial homotopy equivalence. However, the converse is not true.

Example 3.2.22. If € — D is an equivalence of co-categories, where D is actually a Kan complex, then C
is also a Kan complex.

Definition 3.2.23. The Joyal model structure on sSet can be defined as follows. The fibrant objects are co-
categories, the weak equivalences on fibrant objects are precisely the equivalence of co-categories, cofibrations
are monomorphisms, fibrations are isofibrations (inner fibrations with identical property than ordinary case).
We obtain a Quillen adjunction between the two model structures:

sSetjoyal , L ; sSetkan-
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Last time: Recall that a 1-morphism in Fun(C, @)E| is precisely a natural transformation n : F — G,
where F,G : € = D. In other words, it is 7 : A x € = D.
We have hQCat = Ho(Cat. ), where objects are infinity categories, and the morphisms are

Homyqcat (€, D) = 7o (Fun(€, D)7) .

That is, it is the set of equivalence classes of functors € — D.
If € is an co-category, and X, Y € €, we defined Home (X, Y). to be the simplicial set given by the pullback

Home(X,Y)e ———— Fun(AL @)
L l
A ——% Fun({0}, C)s x Fun({1}, C).
Proposition 3.2.24. We have that Home(X,Y) € Kan.

Sketch. This follows from a more general fact that for A — B a subsimplicial set with Ay = By, and € an
oo-category, then P is always a Kan complex

P —— Fun(B,C)
A° T) Fun(A, ©).

Need to show that every u in Fun(B, C); in the pullback is a weak equivalence. We have an evaluation
map for every b € By = Ay, given by ev,, : Fun(B,€) — Fun({b}, C), mapping u to urp). We claim that
urpy = idgp), since the diagram commutes

Fun(B, ©) > Fun({b},C)

Fun(A4, ©)
O

Example 3.2.25. Given f ~ g in an co-category €, they must belong in same path component of Home (X, Y),
and so Homypoe) (X,Y) = mo(Home(X,Y)).

Theorem 3.2.26. A functor F: € — D is an equivalence of co-categories if and only if we have both:
e weak homotopy equivalence Home (X,Y) — Homq (F(X), F(Y)) for all objects X,Y € €;

o 19(C%) — my(D7) is surjective.

3.3 Adjoint functors

Definition 3.3.1. Let F : € —» D, and G : D — € be functors of co-categories. We say that F 4 G if there
exist natural transformations n : ide — GF ad € : FG — idp so that:

1. there exists A? — Fun(@, D) witnessing

FGF
ldV ﬁ,:
Fide ) > ideF.

4The simplicial set Fun(A® x €, D)
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2. there exists A2 — Fun(D, €) witnessing

GFG

V ide

ideG > Gide.

id

Remark 3.3.2. We have that n : id — GF depends only on [5] in Ho(Fun(C, D)). If n is given, then € is

unique up to homotopy.

Example 3.3.3. If € and D are ordinary categories, then we have a 1-categorical adjunction
F:C2D:G

if and only if we have an co-categorical adjunction

NF : NC2 ND : NG.

Example 3.3.4. If X,Y € Kan, then F : X — Y is an adjoint if and only if F is a homotopy equivalence of
simplicial sets. The unit and counit become the witnesses of homotopy equivalence.

Remark 3.3.5. If we have an adjunction F : € 2 D : G of co-categories, then F and G are homotopy
equivalences of simplicial sets. The converse is not true in general.

Exercise 3.3.6. If F : € — D is an equivalence of co-categories, then it is both a left and right adjoint
functor.

Proposition 3.3.7. Given F : C 2 D : G of co-categories, then
Ho(F) : Ho(€C) 2 Ho(D) : Ho(G)

is an adjunction of 1-categories. That is, if we know F 4 G in oco-categories, then to check if n : ide — GF
is a unit, it is enough to check that Ho(#n) is the unit.

However the converse is not true!

Warning: Suppose we take F : A — X with X € Kan simply connected, and F picks x € Xy. Then
Ho(F) 4 Ho(G) because Ho(X) will be simply connected. But it does not imply that F 4 G unless X is
contractible.

There Homygo(p) (FC, D) = Homyiio(e)(C,GD) for any C € € and D € D.

Theorem 3.3.8. Take F: C — D and G : D — C functors of co-categories. Then F 4 G with unit n if and
only if the composite

Homyp (FC, D) 2> Home(GFC,GD) -5 Home(C, GD)
is a weak homotopy equivalence between Kan complexes (aka a homotopy equivalence) for all C, D.

The forward direction is straightforward, but the backwards direction uses (co)cartesian fibration stuff.

3.4 Limits and colimits

!
Recall that if € is an ordinary category, then i € C is initial if for all X € C, there is a unique i » X. That
is, Home (i, X) = *.

Definition 3.4.1. In an oco-category €, we have that i € C is initial if Home (7, X) =~ * is contractible for all
XeC
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Definition 3.4.2. Let C be an oco-category, and K, € sSet. Then for any X € €, denote by X € Fun(K, C)
the constant functor valued at X. The assignment X +— X defines a diagonal map

A: € — Fun(K, C).
This is defined by precomposing with K — A°, and looking at € ~ Fun(A, €) — Fun(K, @).
Definition 3.4.3. Let u : K — C be a diagram. We say a natural transformation @ : L — u exhibits L € C
as a limit of u if for all X € C, we have that the composite
Home (X, L) 5 Hompyn(k,e) (X, L) —> Hompun (k. e) (X, 1)
is a (weak) homotopy equivalence of Kan complexes.

Definition 3.4.4. We say that 8 : u — C exhibits C as a colimit of u if, for all Y € €, the composite

A B
Home(C,Y) — Hompun(k,e)(C,Y) — Hompun(k,e) (1, C)
is a (weak) homotopy equivalence.
Note that if @ or B exist, they are unique up to equivalence.

Example 3.4.5. If € is an ordinary category, then u : K — NC is equivalent to a map 7(u) : 7K — C. We
can check that L € € is lim(tu) in a 1-categorical sense if and only if L € € is a limit of u in an co-categorical
sense.

Example 3.4.6. Let f : X — Y in an co-cat €. Then f is an equivalence if and only if f exhibits ¥ as a
colimit {X} — C, if and only if f exhibits X as a limit {Y} — C.

Example 3.4.7. Taking the identity diagram @ — C, the notion of limit/colimit matches the notion of
terminal/initial object.

Proposition 3.4.8. A limit L € C is unique up to homotopy. Therefore we usually define it as limg (u).
Proposition 3.4.9. We have that € admits all K-indexed limits if and only if

A: C — Fun(K, @)
is a left adjoint. The right adjoint is given by limg ().

Equalizers are limits along A IIgx1 A, pullbacks are limits along A' x Al — (0, 0), etc.

LOCRLIZATION

3.5 Localization

LOCYTISVLIOW
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Definition 3.5.1. Let C and D be oo-categories. Let W be a collection of edges in €, with no further
assumption. Denote by Funy (C, D) the full subcategory of Fun(C, D) spanned by functors F: € — D that
carry edges of W into equivalences in D. Formally, this is the pullback in sSet:

Funw (€, D) —— Fun(C, D)

| |

Fun(W,D*) —— Fun(W, D).

A localization of € with respect to W is an co-category C[W~!] together with a functor y: € — C[W™!]
satisfying the following universal property. For any co-category D, the functor y induces an equivalence of
oco-categories:

y*: Fun(C[W™'], D) — Funw (€, D).
The definition can be extended to any simplicial set C, not necessarily an co-category.
The functor hQCat — Set that is defined by:
D = mo(Funw (€, D)%) = 7o (Fun(C[W™'], D)”) = Hompocar (C[W '], D)

is corepresented by C[W~!] and is thus unique up to isomorphism in AQCat, i.e. is unique up to equivalence
of co-categories (if it exists).

Theorem 3.5.2. The localization y: € — C[W~!] always exists.
Before proving this, let us notice the following.

Example 3.5.3. Let W C A! be the unique non-degenerate 1-simplex. Then A'[W~!] = A and y: Al — A
is the localization. Indeed: -
D =~ Fun(A%, D) = Funw (AL, D) = Eq(D)

where Eq(D) are the equivalences in D, defined on object X to idy, is a trivial Kan fibration.
This observation can be extended to following.

Lemma 3.5.4. Let Q be a contractible Kan complex. Let e: A — Q be a monomorphism in sSet. Let
W C A! be the unique non-degenerate 1-simplex. Then there is an equivalence of co-categories:

Fun(Q, D) — Funw (A', D) = Eq(D).
Proof. Exercise. O

Proof of Theorem[3.5.3 Let F: € — D be in Funy (€, D). For all w € W, this defines F(w): A' - D=
Factor this morphism in the model category sSetkan:

Al F(w) : D=

N

Ow

By construction, Q,, is a contractible Kan complex. We can consider the following pushout in sSet:

[[at—e

4

]_[Qw—>e’\

weW \
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Given any oco-category D fitting into the diagram above, notice G(w) € D= by commutativity. Therefore the
induced map by y’:
Fun(€’, D) — Funw(C, D)

is an equivalence of co-categories. Indeed in the diagram:

Fun(¢’,D) —— Funy (€, D) ——— Fun(C, D)

| ! l

[T Fun(@u. D) — [] Eq(D) — Myew Fun(a’, D)
weWw weW

the right square is a pullback by definition of Funy (C, D), the outer rectangle is a pullback since Fun(—, D)
sends pushout to pullbacks. Therefore, the left square is a pullback. However, by the lemma, we know the
left bottom map is a trivial Kan fibration, therefore the top left map is a trivial Kan fibration. Thus vy’
defines an equivalence of co-categories as desired. We force now €’ to be an oo-category by performing a
factorization in sSetjoya on €’ — D with a trivial cofibration and followed by fibration, which thus defines
C[W~1] with same property as €. O

We can have a better descriptio of @[W~!] when we have more assumption on W.

Definition 3.5.5. Let C be an co-category and W a collection of edges in €. We say Z € C is W-local if for
allw: X - Y in W, we have a weak homotopy equivalence:

Home (Y, Z) > Home (X, Z).
We say W is localizing if:
e equivalences in C are in W;
e W satisfy 2-out-of-3;
e for all Y € C, there exists w: Y — Z in W such that Z is W-local.
Remark 3.5.6. If w: X - Y in W, X and Y are W-local, then w must be an equivalence.

Theorem 3.5.7. Suppose C is an co-category with W is localizing collection of edges, then G[W~!] can be
defined as the full subcategory spanned by the W-local objects and y: € — C[W™!] is a left adjoint:

y
Gz 5: CIW1]

Proof. This follows by the previous remark and the universal property of C[W=!]. Give X € €, one can
define informally y(X) by a choice of a map w: X — Y where Y is W-local, and given X — X’ in C, we can
define a map y(X) — y(X’'):

X — X

) Jew

y(X) — y(X).
and using the 2-out-of-3 property it is an equivalence whenever X — X’ is in W. O
Definition 3.5.8. Let M be a model category with W as class of weak equivalences. The Dwyer—-Kan

localization of M with W is the co-category N(M)[W~!] together with the localization N(M) — N(M)[W~1].
This is sometimes referred as the underlying co-category of M.
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Remark 3.5.9. If M admits functorial fibrant and cofibrant replace, then:
NV W = NMp)[WT] = NOVep) [WH = NOO[W.

How should one think of N(M)[W~']? Its objects are the objects in M, but considered up to weak
equivalence, the edges X — Y are elements in Homy¢(X,Y)/~, the composition:

Y

X —mmmmmmo > Z,

is defined up to weak equivalence. In particular, every morphism can be considered to be a cofibration or
a fibration. The homotopy relation in N(M)[W~!] is the same as defined in model categories. Notably, we
obtain an equivalence of categories:

Ho(N (M) [W_l]) ~ Ho(M).

Example 3.5.10. The co-category of spaces 8, i.e. the co-category of co-groupoids, is defined as the Dwyer—
Kan localization N(sSet)[WIQ;m], and is denoted S.

Example 3.5.11. The (large) co-category of co-categories is defined as the Dwyer—Kan localization N (sSet) [WJ_Olyal]
and is denoted Cate.
Example 3.5.12. Let R be a commutative ring. Denote D(R) to the Dwyer—Kan localization of N(Chg) [W;r{)j].

Theorem 3.5.13 (HA 1.3%.20). If M is a combinatorial model category, then it is Quilllen equivalent to a
simplicial model category M and N(M)[W~!] is equivalent to the homotopy coherent nerve of M, £

Remark 3.5.14. If M is a simplicial model category, we can define M[W~!] as a the hammock localization.

Definition 3.5.15. An oo-category C is said to be compact if 7o(C¥) is compact as a set (i.e. small), and
m;(Home(X,Y)) are compact as sets.

Definition 3.5.16. An object X € € is compact if Home (X, —): € — 8 preserves filtered colimits.
Remark 3.5.17. An oco-category C is compact if and only if it is compact as an object in Cate.

Definition 3.5.18. An co-category C is said to be presentable if it has filtered colimits, and there exists an
essentially small co-category P C € comprised of compact objects which generates € under filtered colimits.

Proposition 3.5.19. An co-category C is presentable if and only if € is equivalent to Funy (P°P, §) for some
small category P and some set of maps W in Fun(P°P,S§).

Theorem 3.5.20. Let C be an co-category. Then € is presentable if and only if there exists a combinatorial
model category M such that € =~ N(M)[W™!].

Presentable co-categories are combinatorial model categories.

Theorem 3.5.21. Let M be a combinatorial model category. Let J be a small category. Recall we can
give Fun(J, M) the projective and injective model structures, both with weak equivalence defined levelwise.
Evaluation J x Fun(J, M) — M lifts to a map N(J) X N(Fun(J,M)) —» N(M) that induce an equivalence of
oco-categories:

N(Fun(J, M) [Wi L, ] — Fan(N(J), N(M)[W™]).

Proof. Universal property. m}

72



Theorem 3.5.22. Given a left Quillen functor F: M; — My between combinatorial model categories with
weak equivalence classes denoted Wy and Wy respectively. Then the total left derived functor LF induces a
functor on the Dwyer—Kan localizations:

LF: N(M)[W ] — N(Ma) [W5']
that is a left adjoint.

Corollary 3.5.23. Let M be a combinatorial model category. Then colimits in N(M)[W~!] correspond
precisely to homotopy colimits in M. Similarly, limits in N(M)[W~!] correspond precisely to homotopy
limits in M.

3.6 Straightening/unstraightening— Higher categorical Grothendieck
construction

Motivation: Let X be a space, and let Cov(X) denote the 1-category of covering spaces of X, so that in
particular the fibers f=! of f : E — X are discrete sets. This defines a map in Top from

X — Set®,
to sets with the discrete topology. Another way to think about this is as a functor
St : Cov(X) — Fun(I1;(X), Set)
(E LN X) [x - f_l(x)] .

A path from x to y (a morphism in I1;(X)) induces a set map f~1(x) — f~1().
This is an equivalence of categories! This is called the fundamental theorem of covering spaces.
This is a first instance of straightening.
If we view X as an oo-groupoid, then IT; (X) = Ho(X) is its homotopy category, and we have that

Fun(I1y (X), Set) = Fun(X, N(Set)),

since nerve is right adjoint to the homotopy category.
We can denote by Covy C §/X to be the full subcategory of the infinity category of spaces over X spanned
by covering spaces. Then we want to show that

Covyx =~ Fun(X, N(Set)).

73



We have an unstraightening functor
Unst : Fun(X, N(Set)) — Covy,
given by sending some F : X — N(Set) to the pullbackﬂ

E — N(Set,)*
l l

X T) N(Set):

More generally, if we don’t require the fibers to be discrete, then we can take f : E — X to be any
continuous map. Then we get a functorEI

St : §/X — Fun(X,8)
ELx) o [vo 1w,
Unstraightening is of the form
Unst : Fun(X,8) — §/X
F +— hocolimxF = UyexF 1 (x)/~ .
Let X be connected and suppose X ~ BG. Then we define G-modules in spaces to be
Modg(8) := Fun(BG, 8) — 8/BG.

If we take some M : BG — 8, and we post-compose with sections 8/BG — 8, then M maps to M"C.
More generally, given F : X — 8, the limit limy 8 is given by

Unst sections

Fun(X, 8) 8/X S.

Goal: Generalize this approach where X is replaced by an co-category C and § is replaced by Cat. That
is, we want to relate Fun(C, Cat) with some subcategory of Cate,/C.
If f: €& — C, what requirement do we need to make sense of an associated functor

F : C — Caty
X - fH(X).

That is, how can we coherently choose our fibers.
Given X € @, we could take a pullback in Cate:

X)) —— &
-
A9 T) C.

If we choose sSetjoyal as our model, we would need &€ — € to be an inner fibration (RLP wrto inner
horns) to get the pullback f~1(X) to be a quasi-category. If we instead say “pullback in quasi-categories,”
this requirement goes away.

Given f: € —» Cand X — Y in €, how can we define f~1(X) — f~1(¥) in Cate?

Need: If ¢ : X —» Y in C and Ex € & such that f(Ex) = X, then there exists some Ey € & and
¢ : Ex — Ey in € so that f(¢)) = ¢, and that is universal in the following sense: for all Z € € and for all
W:X— Zin Cforally : Ex — Ez in & where f() = ¢, if there exists y : ¥ — Z then there exists a unique
map ¥ : Ey — Ez in € so that f(¥) =y and ¥ o ¢ = .

We say that ¢, : Ex — Ey is a cocartesian lift of ¢.

5Note that N (Set™) = N (Set)>.
6By Fun(X, 8) we might mean Fun(Sing(X), Na(Kan)).
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Definition 3.6.1. We say that f : &€ — C is a cocartesian fibration if for all Ex € &€, for all ¢ : X — Y with
f(Ex) = X, there exists a cocartesian lift of ¢.

Two cocartesian lifts over the same map are equivalent.
Given f: € 5 C, X €@, ¢:X > Yin C, wesay ¢ : Ex — Ey is a cocartesian lift if the following is a
pullback diagram in spaces:

Home (Ey, Ez) ~2X5 Home(Ex, Ez)
fl - lf
Home (Y, Z) T) Home (X, Z2),

for any Z € C. In particular, taking maps from A° to the top right and bottom left picks out ¢ and 7,
respectively, so that v o ¢ =, and the universal property of the pullback says that there exists ¥ : Ey — Ez

so that y¢ = ¢ and f(y) =

Definition 3.6.2. We define coCart(C) C Cats,/C to be the subcategory of cocartesian fibrations & — C,
with morphisms

e ——9% s

N T

so that G sends f-cocartesian lifts to f’-cocartesian lifts.

In this case, straightening defines a functor
St : coCart(€C) — Fun(C, Catw),
sending f : &€ — € to the functor
C — Cats
X f7HX)
X S1)e 171005 1w

Example 3.6.3. Let f : X — Y in 8. All lifts are cocartesian lifts. We say that a left fibration is a
cocartesian fibration where every lift is cocartesian.

Example 3.6.4. Suppose C is an ordinary category. Then we can define a new category whose objects are
f:X > Y in €, and whose morphisms are

x L5y

T ]

X’ —)f, Y.
This defines what we call the twisted arrow category Tw(C). There is a natural functor

TW((?) = ePxEe
x Ly e @y,
This is a left fibration, by composition. Straightening this, we get
St(Ev) : C°P x € — Set
(X,Y) » Ev }(X,Y) = Home(X,Y).
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Example 3.6.5. If C is an co-category, we can define a twisted arrow category in a similar way

Tw(C) : A°® — Set

[n] = Homgget (A2n+1’ ),
where the n-simplices of Tw(C€) should be thought of as

Xo < X1 < X <

Lol

Yo > Y > Yo

AN

~
~

We can define

{:Tw(C) — C°P
r: Tw(C) — C,

by precomposition with A* < A?"*!. These assemble to give
E
Tw(€) =5 €% x C,

and we have Home(X,Y) = Ev }(X,Y) € 8. This evaluation map is a left fibration, left fibrations are
preserved under pullback, and left fibrations over A® are Kan complexes. Therefore Ev™1(X) is a space.

Example 3.6.6. Let X € C. Then we can take
H(X) — Tw(C)
Ll
A° — C".

We define Cx; := ¢71(X), and r~1(¥) := Cjy.

AT —
4 STRAGHTENING

UNSTRAIGHTENING ¢

Theorem 3.6.7. (Straightening/unstraightening) If C is an co-category, we can define its unstraightening as

Unst : Fun(@, Cats,) — coCart(C)

A Ev G/.xF
F — colim | Tw(€) — C® x € —— Catw| .
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That composite sends

Tw(@) 25 e x ¢ 2L, cat,,
(X Ly) o ey x F(Y).
This forms an equivalence with St.
There is an equivalence
St : LFib(C) & Fun(C, 8) : Unst.

If =X €8, then coCart(X) = Cate/X.
If € = N(D), this recovers the usual Grothendieck construction.
If F:C — Catw, then

colim F = Unst(€)[cocart. edges™]
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Chapter 4

Higher algebraic structures

4.1 Unstraightening multiplications

Recall § =~ N(sSet) [Wﬁin] the oo-category of spaces. When we say X — Y is a map in 8 we mean that X — Y
is a map in Ho(sSet) not that X — Y is any map in sSet.

Example 4.1.1. If we have X — Y in 8, then X — Y is a left fibration. If X and Y are in Kan and X —» Y
this does not imply that X — Y must be a left fibration. What is true is that if X — Y is a Kan fibration,
then X — Y is a left fibration.

We have Cate, =~ N(sSet)[W

-1 . .
Joyal]7 so f: € — D in Cate, means

X)) —e
l .l
AY —— D.
So we always want it to be a fibration.
That is, a map f : € —» D in Cat is not the same as € — D of quasi-categories in sSet.
In Cate, € — D is a cocartesian fibration if there exists a cocartesian lift on any fiber.
If €, D are quasi-categories in sSetjoyal, then f: € — D is a cocartesian fibration if f is an inner fibration
(RLP inner horns) AND there is a cocartesian lift of any fiber. The inner fibration condition guarantees

that the fibers are also infinity categories.
Straightening definition last time was wrong. Last time, we had

Unst : Fun(G, Cate,) — coCart(C)

F s (8 Unst(F) (‘3) .
is an equivalence of categories, where
. Fx e./
& = colim [Tw(C)°® - € x P —— Cat | .

Example 4.1.2. Take € = . Then Fun(x, Cat,) = Cat,. We have that coCart(x) = Cate, and that
Tw(x) = %°P = %, The composite sends
Tw()? — # x %P — Cate,

w1 (%, %) > *A X x = A,
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Example 4.1.3. Take €=1=0 — 1. A functor F : 1 — Cat is exactly a functor F : A —» D in Cats,. We
see that Tw(1) has three objects, being 0 =0, 0 — 1 and 1 = 1. The identity ones both map to 0 — 1 so it
is a span-op category. When we op Tw(1)°P we get the span category, so a colimit becomes a pushout. We
see that 1p; =1 and 1;; = *. Then

A X ll/id&)l)./l X 10/
& = colim FXidl
B x 11/
A ﬂ) Ax1
= colim l
B

Then € is a cocartesian fibration over 1, whose fiber over 0 is A, whose fiber over 1 is B, and with maps
F(A) — B over 0 — 1.

Goal: Redefine a symmetric monoidal category (G, ®,I) as a cocartesian fibration €® — Fin, as certain
“pseudo” functors Fin, — Cat. We could take Fin, — Cat sending (n) to C*".

Q: Given a psuedofunctor F : Fin, — Cat, when is it defining a symmetric monoidal category?

We would need F({n)) = F({1))*" with Segal’s condition F({0)) = 0.

Theorem 4.1.4. Symmetric monoidal categories are pseudofunctors Fin, — Cat with the Segal condition.

4.2 Algebras

Last time we defined a symmetric monoidal infinity category to be a cocartesian fibration over Fin, with a
Segal condition. Here € = f~1((1)). We got this by straightening N(Fin,) — Cate, with (n) — C®".
Suppose we had a natural transformation i between functors

C,D: N(Fin,) — Cate.
This corresponds to a map C® — D® over Fin, sending p-cocartesian lifts to g-cocartesian lifts:

G® ) D@

Think about this as F(X) ® F(Y) —» F(X ®Y).
Now suppose we have F® : €® — D® between symmetric monoidal co-categories. Then we know the fiber

over (1) must be sent to the fiber over (1). Then we get F<%1> : (‘3‘?") — D‘f’m for all n.
Denote F = Ffb. Then Ffi) ~ FXn,
Let pf : (n) — (1) send everything to 0 except i to 1.

®
Fay

® s Pe
C2<2> D<2>

(o .0} )\L l(pgl 07)

GXGW'DXD

80



F(pll) ~ pl1 and F(p!2) o~ p!2. For all i we need that F(pf) is a g-cocartesian lift of p’. This means that
for all n, F<°1>(X1, e Xn) = (F(Xq),...,F(Xy)).

Definition 4.2.1. A map a : (n) — (k) in Fin, is inert if @' (i) is precisely a singleton for 1 <i < n.
Fact 4.2.2. Inert morphisms are generated by p’ and 7 (here 7 is the swap of 1 and 2 on (2)).

Let F® : C® — D® that sends p-cocartesian lifts of inert maps to g-cocartesian lifts. We claim this already
gives a lax monoidal structure. Consider m : (2) — (1) the multiplication, and consider (X,Y) € €*2. There
is a map m; : X € — € sending (X,Y) —» X QY.

F(X)® F(Y)

~
m ~
~
~
~
~

(F(X),F(Y)) > F(X®Y).

F(my)

Note we’re not saying that F(m,) is a cocartesian lift, we’re saying that m, is. If F(m;) was a cocartesian
lift, then this would give F(X) ® F(Y) —» F(X ®Y) is an equivalence.

Exercise 4.2.3. Show that ¢ : (0) — (1) induces Ip — F(le).

Definition 4.2.4. For €® and D® symmetric monoidal co-categories, a lax symmetric monoidal functor
F® : C® — D® is a functor that sends lifts of p-cocartesian inert maps in Fin, to g-cocartesian lifts.

Definition 4.2.5. We say F® is strong symmetric monoidal if it sends all p-cocartesian lifts to g-cocartesian
lifts.

We can define
Funy (pin,) (C®, D®) —— Fun(C®, D?®)

.
l I
A° — Fun(C®, Fin,.).

Define Fun®!'®*(€®, D®) to be the full subcategory of lax monoidal functors, and just Fun®(C®, D®) the full
subcategory of strong monoidal functors.

Example 4.2.6. Commutative algebras. We have that A® is a symmetric monoidal co-category with trivial
structure, then we have

N(Fin,) — Cate

sending everything to A®. The associated cocartesian fibration is N(Fin,) — N(Fin,).

We define Alg,,(C) to be Fun®*(N(Fin.), €). That is,

N(Fin,) A” y @8

NG o7

N (Fin,)

That is, A% is a section of p that sends inert maps in Fin, to p-cocartesian lifts. We have that A®((1)) €
@‘f’l) =C,and A® A > A. We have that A®({0)) = 1.
Q: Can we localize a symmetric monoidal category in such a way that it preserves the symmetric monoidal

structure?
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Definition 4.2.7. (HA 4.1.7.4) Given C® a symmetric monoidal co-category, let W C € a collection of edges.
Assume W is closed under ® (meaning that if ¥ — ¥’ is in W, and X is arbitrary, then X ® ¥ - X ® ¥’
and Y ® X —» Y’ ® X are in W as well). The symmetric monoidal localization of €® with W is a symmetric
monoidal co-category C[W~1]® together with a strong symmetric monoidal functor

£:C% 5 CIW1®

with the following universal property: for any symmetric monoidal co-category D®, we get an equivalence of
oco-categories:

Fun®(C[W™']®, D®) — Fun$, (C®, D®),
where Funy (—) means sending W to equivalences.

This always exists. We have that C [W‘1]<1> ~ C[W™1]. In terms of cocartesian fibrations it is maybe(?)
some kind of Kan extension

¢ —— Fin,

?
s
s
s
s

ew1]

Definition 4.2.8. Let (M,®,I) be a symm mon model category (with functorial cofibrant replacement).
Suppose I is cofibrant. Then the Dwyer-Kan localization N(M)[W~!] can be given a symmetric monoidal
oo-structure as follows:

e Take the cofibrant objects M,

e Take the category of operators M2 as an ordinary category (objects are pairs (n),c1,...,c,) and
morphisms are ®;¢; — c;. over Fin,

N(MP) is a symmetric monoidal co-category, with class W of edges in N(M,)

Recall that X ® — : M., — M, preserves weak equivalences between cofibrant objects, under the
hypothesis that X is cofibrant.

Thus N(ME) — N(M.)[W~1]® is called the symmetric monoidal Dwyer-Kan localization.
This gives a sym mon structure on the co-category N(M)[W™'] ~ N(M.)[W~1].

This shows that the derived tensor product ® of a monoidal model category M endows N(M)[W~!] with
a monoidal structure.

Example 4.2.9. Spaces § have a symmetric monoidal co-category structure, since we can view them as
N (sSet)[WIESm] with the cartesian product. Here Algg (8) are equivalent to Es-algebras in spaces.

Example 4.2.10. We have that Cate, ~ N(sSet) [Wl]‘olyal] with the cartesian product. Then Algy (Cats) are
symmetric monoidal co-categories. This is exactly because Algg (Cate) = Fun®!'**(N(Fin,), Cate) which

guarantees the Segal condition.

Example 4.2.11. If R is a commutative ring, then D(R) =~ Chg [Wgrloj] is a symmetric monoidal co-category.

The injective model structure does not give you a monoidal model category.
We also have the connective case with two models
D>°(R) ~ N(sModg)[W™'] =~ N(Chz*)[W™'].

Every symmetric monoidal co-category €% which is presentable and for which ® preserves colimits is the
symmetric monoidal DK localization of a combinatorial monoidal model category (Lurie-Sagave).
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4.3 Stable co-categories

Universal property for 8 (spaces). Given K € sSet, there is a Yoneda embedding
K — Fun(K°P,§) =: P(K),
which is the adjoint of “internal hom”E|
KPxK — 8.

Given € an oco-category, we can call P(C) the universal cocompletion of C. That is, for all D cocomplete,
there is an equivalence

Fun®(P(€), D) = Fun(C, D),

where L denotes colimit-preserving functorsEI
If we choose € = A%, we get

Fun’(8, D) = Fun(A®, D) = D.

Hence we can think of § as the “free cocompletion of A%.” Just as a set can be viewed as a union of its
points, we can think of any cocomplete co-category as gluing its paths together.

Definition 4.3.1. An oco-category is pointed if it has an object with is both initial and terminal. That is,
some 0 € € so that

Home (0, X) ~ * ~ Home (X, 0)
for any X € C.
Example 4.3.2. If C is an co-category and * € C is a terminal object, we can define
C. :=Cy/.
This will be pointed and we will have an adjunction
() : CSsC..
For example, we have
S8, = N(sSet*)[ngn].
If C is a pointed presentable stable co-category, then
Fun’ (8., @) ~ €.

Here 8, is the free presentable pointed co-category generated by *, = S°.

Now we introduce stable co-categories, which behave like D(R) ~ N (ChR)[W;iiO].

Definition 4.3.3. Let C be a pointed oo-category. A triangle in C is a square of the form

x sy
L
0— Z.

This is specified by a functor N(A! x A') — € sending the bottom corner to 0.

1K isn’t necessarily an co-category, so it doesn’t make sense to have internal hom, but this is the straightening of Tw(K) —
K°P x K which is always well-defined.
2For presentable co-categories, being a left adjoint is equivalent to preserving colimits, hence the superscript “L”
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We say a triangle is ezact if it is a pullback, and coezact if it is a pushout.

Example 4.3.4. If f: E — X in 8., then an exact triangle looks like

fix) — E
g \Lf
* — X,

Example 4.3.5. We have loops and suspension in 8, given by the (homotopy) pullback and pushout squares

QX — « X — *
L
* —> X * — 22X

Our goal is to define X : € — € and Q : € — C for a general pointed co-category.

Definition 4.3.6. For € finitely bicomplete, we define €= C Fun(A! x A!,€) to be the full subcategory
spanned by diagrams of the form

X — =

1

* — XX

Note that maps between such diagrams are the same as maps X — Y. Thus there is an equivalence
e*=e,
and similarly €2 = €.

We have
I' — Fun(C@, C¥)
-

i l:

* Fun(C, ©).
Thus there is a unique section sy : @ — C*. So now we can define £ : € — C to be
s:eSer5Se
Analogously we can define Q.
Theorem 4.3.7. If C is a pointed and finitely bicomplete category, we have an adjunction
Y:CsC:Q.
In particular, for X,Y € € we have
Home(ZX,Y) ~ QHome(X,Y).
This is because maps from XX — Y are in bijection with

QHom(X,Y) —— Hom(0,Y)

l !

Hom(0,Y) —— Hom(ZX,Y).
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This tells us that
o Home (2X,Y) = 11 Home (X, Y),

which is a group. Similarly we get that 7o Hom(Z2X,Y) is an abelian group.

Definition 4.3.8. Given f : X — Y in C, we can define the fiber and cofiber as

fib(f) — X X ——7Y
(A R
« ——5 Y * — cof (f)
Definition 4.3.9. An oo-category is stable if it is
e pointed
e finitely bicomplete
e triangles are exact if and only if they are coexact.
This last condition is equivalent to any of the following
e a square is a pullback iff it is a pushout
e ¥:C & (C:Qis an equivalence
e cof : Fun(Al, @) — Fun(Al, @) : cof is an equivalence.
Let € be a stable co-category. Then
7o Hom(X,Y) = mo(Hom(ZX’,Y)) = np Hom(Z2X"”,Y)

for some X, X”’. Thus Ho(C) is an additive category.
We furthermore have that Ho(C) is triangulated. Given f: X — Y in C,

X —0

1l

Y —— cof(f)

|

0 — X

Example 4.3.10. € = D(R). Show this has all the properties mentioned above.

Given € pointed, we want it to be stable. We can force Q : € — € to be an equivalence by considering
sm&:mﬁnie&q.

Historically, we tried to invert ¥ (Freudenthal theorem).

We could take Sp™®¥e, whose objects are finite pointed spaces, and morphisms are stable maps [X,Y].
The problem is that ¥ is not an equivalence on this category.

We could instead take Sp"!, where objects are pairs (X, n) with X a pointed finite CW complex, and

Hom((X,n), (Y, m)) := colimy [Zn+kX, Zm+kY] .
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Then we have

Spnaive PN SpWh
X (X,0).

The suspension takes the form

R SpWh — SpWh
(X,n)— (X,n+1).

Thus
SpWh = colim (an RN gfin z . ) ]
and we have that
Sp(8,) = Ind(SpWh)
= Tnd colim (8" 5 g 2 ...
= lim (Ind(88) & nd(sf) & .. )

=lim(8*£8*£---).

b )
Note that colim (8* -8, > - ) won’t work.

Definition 4.3.11. If C is a pointed finitely bicomplete co-category, a prespectrum in C is defined to be a
functor

N(ZXZ)— C,
where X; ; = 0 for i # j. Note that we get induced structure maps @, : X, — X1 and 8, : X, — QX,41.

A prespectrum is called a spectrum in C if B,,’s are equivalences for all n. We define Sp(C) to be the full
subcategory of spectra.
Let

sp(e):nm(eﬁeﬁ...).

If € = 8., we will write Sp = Sp(8.) as the oco-category of spectra. We define Ho(Sp) to be the stable
homotopy category.
There is a functor

T®: € — PSp(e),

given by sending X to the prespectrum whose (i,)th entry is X' X.
Then there is a functor for € presentable

PSp(C) — Sp(C)
sending a prespectrum X to X , defined by
X, := colim(X,, b, QXpi1 — --+).

Then )7,1 ~ colimy QK X,k = colimy QX1 X, ,111. As Qis a right adjoint it commutes with filtered colimits
(using presentable here), so this can be rewritten as

Q colimg Q%X ip1 = QXp1e1.
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4.4 Multiplicative structure in spectra

5o
Last time we had a universal property for € — Sp(C€), where C was a pointed presentable co-category. We
had that

Fun’(Sp(@), D) = Fun(C, D)

for any stable presentable co-category D.
We denote by 8% =: S € Sp = Sp(8.), and recall that

Fun®(Sp, D) =~ Fun®(8,, D) =~ D.

So we call Sp the free stable co-category generated by co.

Q: Can we give a symmetric monoidal structure on Sp analogous to ®z in Ab?

Spanier-Whitehead category: Recall Freudenthal says that if X and Y are finite CW complexes, then
the sequence [Z¥X, 2¥Y] stabilizes in k. So Sp™®'® has objects given by finite CW complexes, and homs
given by stable maps.

To invert X, we introduced Sp*V®, where objects are (X,n) and homs (X,n) — (Y, m) are

colimy [E"™F X, 2™ y] .
Formally in oco-categories, we have that
SpWVh = colim (Spf:ln Z, Spfn .. ) .
Then Sp =~ Ind(Sp™h).
Why finiteness? By adjunction we can see

Hom((X,0), (¥,0)) = colim [Z*X, =¥y ]
= colimy [X, Q*=FY]
= [X, colimg QF=FY],

which holds if X is compact (e.g. finite CW). Thus if {—, -} is a hom for spectra, we would have
{X,Y}={X,Q"2"Y}.
What is the monoidal structure on Sp"V'? Recall in 8, we have a smash product, so we could define
(X,n)A(Y,m) =(XAY,n+m).
The unit is (SY,0). This smash product is difficult to translate to spectra however.
Definition 4.4.1. For all X € Sp, we define
7, (X) = Homggosp) (Z"S, X) =: [Z"S, X] € Ab.
In particular if X is a suspension spectrum, we get

m(ZCX) = [Z"S,27X]
= colimy [0, 2FX|
= colimy 7,1 (X)
=, (X).
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This is the stable homotopy group of X. It gives us a functor

Sp — N(Ab)
X > m,(X).

This factors through

Sp 25 s, I N(Ab)

for n > 2.
(HA 1.4.3.8) The collection of these functors reflect equivalences. That is, if 7, (X) S (YY) for all n,
then X — Y in Sp.

Definition 4.4.2. We define Sp=° to be the co-category of connective spectra, the full subcategory of Sp on
those X for which m,,(X) =0 for n < 0.

Example 4.4.3. For all X € 8., we have that XX e Sp=°.
We get an adjunction
szo <:) Sp cT>0,

where the right adjoint to the inclusion is the connective cover.
If X € 8, and Y € Sp=°, we have that

[Z°X,Y] =~ [X,Y,] .

That iS, QY ~ Y().
If Y € Sp=° then Q%Y =Y, is an infinite loop space. That is, for all k > 0, we have that ¥y =~ QKY,. May
recognition tells us that

Algiilike(g*) ~ SpZO.

If € is a symmetric monoidal category, then CAlg(C) is also a sym mon cat with some underlying tensor
product.

For example if X,Y are Es-algebras which are grouplike in spaces, then X AY is an E.-algebra in 8.. It
is not true that if X and Y are infinite loop spaces then X AY is an infinite loop space.

Example 4.4.4. Let G be an abelian group, then K(G,0) is an co-loop space, with K(G,0) =~ Q"K(G, n).
Let HG € Sp=° be its corresponding spectrum, called the Eilenberg-Maclane spectrum of G. This gives a
functor

N(Ab) — Sp=°
G- HG.

We want a monoidal structure on Sp and Sp=° for this functor to be compatible with ®7 in Ab.
Ideas for monoidal structure on Sp:
e On Sp"! we had (X,n) A (Y,m) = (X AY,n+m)
o Algp (8.)

e Ab,®y
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Boardman: We could define (X AY), = Xyn) A Ypn) Where a(n) + b(n) = n, and then we could “Q-
spectrify.” There are lots of choices for a(n) and b(n).
Adams: We could define

(X/\Y)n ~ \/Zn_i_j_dXiAYj/\M(T)/ ~

€ij

where e;; is the square on the Z x Z grid with bottom left corner based at (i, j), open on the top and right
sides, and M(7) is the Thom complex of a bundle over e;;.

Indexing on Z X Z is hard because we need to understand choices. Model categories allow us to switch
Z X Z to something that records the choices.

Symmetric spectra: we get a model category Sp* indexed on finite sets and injective morphisms
(Hovey-Shipley-Smith).

Orthogonal spectra: (or EKMM spectra) Sp?, indexed on real inner product spaces. This is by
Mandell-May-Schwede-Shipley.

Theorem 4.4.5. (Lewis, '91) There is no good 1-category Sp' that describes Sp with a monoidal structure
so that:

1. Sp! is symmetric monoidal

2. There is an adjunction X : Top, S Sp* : Q®
3. We have that £*S° is the unit

4. Q% is lax symmetric monoidal

5. For any pointed space, Q¥Z®X = colim; Q¥ZKX. (that is, these functors are really doing stabilization
of spaces)

For symmetric and orthogonal spectra, it is (3) that messes up — you really need a fibrant replacement.
In EKMM they force (3) to be true, but fail (5).

How to think of X AY in Sp? We use the universal properties, and try to understand its homotopy
groups. There is a Kiinneth spectra sequence to compute 7,(X A Y).

Recall that Fun® (8, @) ~ € for € any presentable co-category. This should remind us of the statement that
Hompg (R, M) = M for M an R-module. So we want to think of Fun’ (-, -) as an internal hom somewhere.

Definition 4.4.6. Let Prl denote the (very large) co-category of presentable co-categories, where
Homp,z (€, D) := Fun®(€, D).
Fact 4.4.7. This is an internal hom — i.e. if € and D are presentable, then Fun® (€, D) is presentable
We have that
Fun® (€1, Fun® (Cs, D)) =~ FunBt (€, x Ca, D),

that is, functors €; X Co — D which are colimit preserving in each variable.
So we want some tensor product so that the above is equivalent to Fun’(C; ® @z, D).

Fact 4.4.8. If € is closed monoidal, then C°? becomes closed monoidal, but where the tensor product and
hom switch roles.

3If we took Fun instead of Fun’, the size might increase, but in fact Fun® (€, D) is presentable in the same size sense that
mC and D are.
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The op of Prk is PrR, where we take limit-preserving functors! So we can check that
€1 ® Cy = Fun® (€7, Cy).
By construction 8 is the monoidal unit, since
8 ® € = Fun®(8°7, €)
_ (FunL(S, e°P))°p
= (e)
=C.
Here we are using that
Fun® (-, -) = Funf (-°P, —°P)°P.

So we need to create our operator category (PI‘L)® C Cat® ~ N(sSet®)[W501yal]. We had a cocartesian

fibration Cat® — Fin,, and we’re going to restrict fibers to get the correct thing. The fibers will look like
(€C1,...,C,) with C; presentable, and appropriate morphisms.
So the construction we just did argues that Prf < Cat,, is a lax symmetric monoidal functor. Then

L
Algg (Pr) = {presentably symmetric monoidal co-cats},

and 8 is the initial object. This provides the universal property of spaces with its monoidal structure
8 X 8§ — §, colimit-preserving in each variable, with the point as the unit.

4.5 Brown Representability

We’ve seen that the monoidal product on spectra has two intuitions:
1. Sp=° = Alg¥e(s,)
2. SpWh = colim (8?’1 LN ) This had a smash product.

Recall (8,%,*) was the initial object in Algg_ (Pr’). We saw we had
L
(Pr, ®8) — (Cateo, X, AY) ,

with tensor € ® D = Fun® (€%, D) and internal hom Fun® (€, D).
We have Cat® C Cat,, on stable co-categories and exact functors, and a corresponding Prg“t c Prl spanned
by stable co-categories.
The stabilization functor € + Sp(€) can be viewed as left adjoint to the inclusion
L L
Sp:Prs Pr
st
Tensoring with spectra, we get
€ ® Sp = Fun®(€°P, Sp)
= Fun® (€%, lim (8, « ---))
- lim (FunR(€°p,8*) - )
=lm (Cy ¢« --+)
= Sp(C).

4We have that 8™ is finite CW complexes, not the compact objects in 8..
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Fact: If G, D stable then FunL(G, D) e Prg‘t.

o0
We can think of stabilization as “extension of scalars” along 8§, — Sp. We have a monoidal adjunction
L L
(Pr, ®, S) Ly (Ptr, ®, Sp) .
S
Recall Sp is the initial object in Prk. This characterizes spectra together with

prSpi>Sp

monoidal and bicolimit preserving so that S is the unit.
We have that X : § — Sp is strong monoidal, and Q% : Sp — § is lax monoidal, implying that

EPXAZTY = EX (X XY).
We can also shift
¥ k.8, 58p: Q¥k

We call E; = Q¥ FE.
Formula: For any E € Sp, we have that

E =~ colimg =¥ *Q**E

~ colimg Z°FEy.
For E,F € Sp
EAF = (colimg Z°"9E,) A (colimb zm—be)
= colimy , 2" PE, A Fy,.
Example 4.5.1. Recall Mayer-Vietoris: for U,V C X open, we have an LES
> HUNV) > H,U)®H.(V) - H({UUV) > H._1(UNV) = ---

Recall that H.(X) = H.(C.(X)), and by Dold-Kan, we have that C.(X) = m.Z[Sing(X)]. Let’s reinterpret
Mayer-Vietoris in this setting. It is saying that there is a homotopy pullback in sSet of the form

ZSing, (UNV) ——— ZSing U
L |
ZSing,V.—— ZSing, U U V.

We can view homology as

CWin 5 Kan
X +— ZSing, X.

Mayer-Vietoris is the statement that this sends homotopy pushouts to homotopy pullbacks. We can view
this functor as 8" — 8.

Q: Can we do this for all homology theories?

Definition 4.5.2. (Eilenberg-Steenrod) A (reduced) homology theory is {En :Ccwin Ab} such that
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1. E, invariant under homotopy

2. Excision: E™Y(EX) = E;(X)

3. Additivity: E;(X VY) = E;(X) @ E;(Y)
4. Exactness: if f: X — Y then

En(X) = Eo(Y) = Eo(Cf).

Goal: We can view E, : CW, — Ab as a certain E:8fin 5 8.
Axiom (1) allows us to extend E, to Ho(8f"). Axiom (2) comes from

C*(ZX) [_1] =qiso C*(X)
If and only if QZSing¥X ~ ZSingX. So we’re rephrasing that
QE(ZX) ~ E(X).

Axiom (3) comes from C,(X VY) = C.(X) & C.(Y). Translating this over to simplicial sets via Dold-Kan, we
get

ZSingX VY =~ ZSingX X ZSingY .

This gives E(X VY) = E(X) @ E(Y) and hence m,(X XY) = 7,(X) & m.(Y).
(4) Says m; (fib(f)) = ker(m;(f)). We have that C.(X) = ker (C.(Y) — C.(f)). Then

ZSing, (X) — fib (ZSingY — ZSingCf) .

Hence
E(X) ~ fib (E(y) = E(Cf)) .
That is,
X —Y
Lol
* — Cf
is sent to

E(X) —— E(Y)
o
x« —— E(Cf).
Definition 4.5.3. Let C be an co-category. We say a functor F : 8™ — € is
1. excisive if F sends pushouts to pullbacks
2. reduced/pointed if F(x) = *.

We write Exc, (8", @) ¢ Fun(8fi», @) for excisive and reduced functors.

Given any 8f™ — § excisive, we obtain a reduced homology theory
sfin £, 6 ™, Ap.
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Theorem 4.5.4. There is an equivalence
Sp(@) =~ Exc, (8", ).

Proof. For some E € Exc, (81, 8), we want to define E € Sp. We define Ey = E(S°), and E; = E(SY), etc.
We can define E_,, = Q"E,. This works because

St — x

1

% ; Sn+1

is sent to
E(§") —— =
- —_ E(S"H).

This gives maps E(S") — QE(S"*1).
For the other direction, given E € Sp, we can get an excisive functor sending

X+ XAE.
We can reinterpet
Q% : Exc, (8", 8) —» 8
E — E(SY).
We can show this is universal. O

Given E a spectrum, we have an associated reduced homology theory where E,(X) := 75X A E.
We have that

I°X A E = colimy Z°7%X A Ey.
We have that
IL(E°X A E) = 7. (colimk so-kx A Ek)
= colimy 7, (Z‘”—kX A Ek)
= colimy 7. (X A Ey).

This is exactly the definition of 7$(X A Ej).
Thus

E.(X)=mnX°X AE.
Example 4.5.5. Sphere spectrum S € Sp gives the functor
8fin - 8
X XAQ0S°,

where Q(-) = Q¥2%®(-) = colimy Q¥2%(-). Model categorically they think of this as just the natural
inclusion 8" — § because they derive after including. The homology theory is 8, = 75(-).
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Example 4.5.6. We have that I?Z*(X) = H.(X;Z). Dold-Thom lets us relate X*X A HZ with ZSing(X)
somehow.

Definition 4.5.7. For F a spectrum, we can define
E.(F)=n.(E AF).

Theorem 4.5.8. (Brown representability) If E*(—) : CWI - Ab is a reduced homology theory, then there
exists E € Sp such that E,(X) = 73 (X A Ep).

We looked at . of E A—. Taking the same thing for its adjoint, we call F(E, —) the right adjoint to E A —
(this exists because colimit-preserving + presentable). Can take the internal hom to be

F(E,E"), =Homg,(E,Z"E").
Can define E"(X) = [X, E,] = [E° "X, E]. In fact, F(E,E’), = Homg, (E,X"E"). This is because
Homsp(E AS,F) = Homsp(S, F(E,F)).

Think Homg(R, M) = M and Homcy, (R, M,) = My. Then Homg, (S, E) = Eg. This follows from the
loops suspension adjunction:

Hom(Z+, E) = Hom(S, E) = Hom(x, Q¥E) = Ej.
For E € Sp can define reduced associated cohomology theory for X € 8.

E™(X) = [X,En] = 1,F(£*X, E).

4.6 Modules in spectra

Monoidal categories which are not symmetric:
e Let C be any category, and look at End(C) with composition and the identity
e G any non-abelian monoid, defines a discrete monoidal category.
e Bimodules over any non-commutative ring

Recall a sm oo-cat was €® — N(Fin,) a cocartesian fibration + Segal condition. This gave N(Fin,) —
Cateo.

We had 7 : (2) — (2), sending 0 — 0 and swapping 1,2. This alone gave a symmetric structure on ®.
We want to restrict from Fin, to throw out T and its friends.

There are multiple ways to do this: can view A°P C Fin, sending [n] — (n). Given a : [k] — [n] we send
it to a map

(n) — (k)
. i Ji:jelai-1)+1,a@)]
J x*  else

The composite
A°®? — Fin, C Set,

defines the pointed simplicial set S' = A'/0A! € sSet,.
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Definition 4.6.1. A monoidal co-cat is a cocart fibration €® — N(A°P) with the Segal condition G?n] -

Xn )
(6?1]) given by cocartesian lifts of p' : [1] = [n],0—i—-1, 1 i.

By straightening we get N(A°P) — Cat, sending [n] — €*". This is some kind of bar construction.

Definition 4.6.2. « € A is inert if @ : [n] — [k] is injective, and im(a) C [k] is convex. Inert things in A°P
map to inert things in Fin, under the map defined above.

Definition 4.6.3. A lax monoidal functor F® : C® — D® is a functor

F®
e@ ) D@

N(A%P),

so that F® sends cocart lifts of inert to cocart lifts.

A lax monoidal functor F® is one that sends all cocartesian lifts to cocartesian lifts.
Given € a monoidal co-cat, we have that

Algg, (O) = FunZ*(N(A%), C®).

Every symmetric monoidal co-cat can be viewed as a monoidal co-cat via

€o ————c®
1 !
N(A%®) — N(Fin,).

We could also straighten then precompose with N(A°P) — N(Fin,).
To define modules over a ring, we will use the bar construction [n] = N ® R®" ® M.

Definition 4.6.4. Let p : €® — N(A°P) be a monoidal co-cat. An co-cat M is said to be left tensored over
C if there is a cocart g : € — N(A°P) so that

that sends cocart lifts to cocart lifts, such that

= ® ®
8[n] e G[n] X E{n}

for {n} € [n], with M = &€[¢}, and €17 =~ € x M. This is formalizing a functor € x M — M compatible with
monoidal structure on C.

Example 4.6.5. C is left tensored over itself. Then € = C® with En) = Ex(n+1)

Definition 4.6.6. Given M left tensored over €, a left module of M is a map s : N(A°?) — M® such that
N S e L es

is a lax monoidal functor (if @ : [k] — [n] is inert in A then f(a) is a cocart fib of C®).
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We write LMod(M) C Funpy (ae) (N(A°P), M®) spanned by left modules. We are interested in when M = C.
In that case

LMod(€) — Algg, (C)
(M, A) — A.

Given A € Algg, (€), we can define A-modules as

aMod(€) —— LMod(C)
* T) AlgEl(@).

Can define left A-modules and (A, A)-bimodules in a similar way.
Can defgine left modules in a sym mon oco-cat

LModg,_(€) — LMod(€) = LModg, (€)
Alg, (€) ———— Algg (©).

Can check that if A € Algg_(C) then 4Mod(C) = Moda(C).

4.7 The Schwede—Shipley Theorem

Goal: generalize the Freyd-Mitchell and Gabriel theeorems.
Given a lax monoidal functor F : € — D between (symmetric) monoidal co-cats, it induces a functor

Algg, (€) — Algg, (D)
A F(A).

1-categorically if A € € is an associative algebra, then F(A) is an associative algebra.

So lax monoidal is the correct notion needed to lift algebras.

oco-categorically, Algg (C) are lax monoidal functors + — C. The statement follows from the fact that
composition of lax monoidal functors is lax monoidal.

If F is lax symmetric monoidal, then we can lift

F: Algg (€) — Algg._(D).
We also have, for all A € Algg, (C),
F : Mods(€) — Modpa)(D).
Recall

N(Ab) — Sp
A HA.

Here
1. (HA), =K(A,n) for n > 0 and * for n <0

2. HA : 8f" — 8 sends X — X A K(A,0)
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3. By Brown representability, H" (X, A) = [X, K (A, n)].
4. n,(HA) = A if n =0 and 0 otherwise

HA € Sp=° then the associated element in Alg%plike (8.) is A as a discrete pointed space.

Given A, B € Ab we can compare HA A HB with A ®z B. These are not the same.
noHAANHB = A ®z B
1, HANHB #0 n > 0.
If A= B =F,, then
7. (HFy A HF3) = Fo[&1, &9, .. .]

with |&;| = 2/ — 1. This is the dual Steenrod algebra.
We can get a map HA A HB — H(A ®z B) by adjunction

7o : Sp=Y 5 N(Ab) : H(-).
Then
70(E A F) = ng(E) ®z mg(F).
Thus mp is strong symmetric monoidal.

Exercise 4.7.1. If L : € & D : R is an adjunction between symmetric monoidal categories, if L is strong
monoidal then R is lax monoidal.

Warning: ng : Sp — N(Ab) is not strong monoidal on the entire category of spectra.

Since the inclusion Sp=° < Sp is lax symmetric monoidal, we have the composite N(Ab) LR Sp=® — Sp
is, hence we get

N(Ring) = Algg, (N(Ab)) — Algg, (Sp)
R — HR.

We call Algg, (Sp) ring spectra.

Can we compare with Ab = Modz — D(Z)? Yes we can view D(Z) as Modgz(Sp) in a monoidal way.

Recall that for R € CRing, we get D(R) = N(ChR)[WI:rloj], which is symmetric monoidal co-cat with ®}I§.

We want a monoidal structure on Modgg(Sp) that mimics the derived tensor product.
Recall 1-categorically that R € Alg(C,®,1) and M € Modg(C) and N € gkMod(€), we define ®g by the
coequalizer

M®RON3IM®N — MQ®gN.

So on spectra we want a relative smash product.
We have to kill off much higher terms

M Apg N :=colim(--- 3 M ANHR"> AN 33 M AHRAN 3 M AN)

More generally, given R € Algg (C), we can define M®g N as the colimit of a bar construction. In a 1-category
the higher maps don’t matter and we just recover the coequalizer definition.
We have

N(A%) — N(Fin,) — € < Cate,
[n] » M ® R®" ® N.

For € = Sp, this defines (Modg(Sp), Ag, R). We can also define Fr(M,—) : Modg(Sp) — Modg(Sp) to
be the right adjoint of

M Ar — : Modr — Modg.
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Notation 4.7.2. If R € Algg_(Sp), and M, N € Modg(Sp), we can define
Tor®(M,N) := n. (M Ag N)
Exti(M,N) := n_.Fr(M,N).
We shall see that
7. (HM Agg HN) = TorR(M, N),

where R € CAlg(Ab) and M, N € Modg(Ab).
We have change of algebras: if f: A — B in Algg (C), we get a monoidal adjunction

—®4 B : Mody S Modp : f7,

where extension is strong monoidal and restriction f* is lax.
In spectra this becomes

— AR :Mods =Sp & Modg : U.

Theorem 4.7.3. (Schwede-Shipley) Let € be a stable co-category. Then € =~ ModgSp if and only if € is
presentable, and there exists C € C compact generator such that if D € € and Ext{(C, D) =0 then D ~ 0.

Lemma 4.7.4. If C is a stable co-category, and X,Y € €, then Home(X,Y) € Sp.
Proof. We have that Home(X,Y) € 8., so

QHome(X,Y) ~ Home(2X,Y) ~ Home (X, Y).
So these are infinite loop spaces. O

Proof of theorem: if € ¥ Modg(Sp), then C is presentable. Take C = R, then Ext{ (R, D) = m,D. Then
D ~ 0 if and only if 7_,D =0 for all n.
For the other direction, if C € Pr, then as @ is stable, there is a map
SpeC —0C
(E,C)» EQC,

adjoint to Home(C, —) valued in Sp. That is, € is tensored and cotensored over spectra.
We have

-®C:SpS C:Home(C,-).

Let G = Home(C, ), then the idea is that this is monadic and the monad is equivalent to — Ag R for
some R.
Let @ : D — D’ in € such that G(«) is an equivalence in Sp. Then G(Ca) ~ 0.

m,Ca =~ Ext"(C,Ga) =0,

so Ca =~ 0, so a equivalence in C.

Then R := G(C) = Home(C, C) = Ende(C) € Algg, (Sp).

With E € Sp and D € C, get E A G(D) ~ G(E ® D). This is true as G preserves all colimits, suffices to
check for E = S then obvious. R=G(C), E AR =G(X ® C), Barr Beck Lurie monadicity.

If R = Ende(C) get an monoidal variant

L
Algg_(Sp) — Algg_(Pr)
R — Modg.

So we can say that C € AlgEm(PrL) belongs to the image above if and only if there is some I € € a compact
generator.
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Theorem 4.7.5. (Stable Dold Kan) Let R be a commutative ring. Then

(Modyrr(Sp). Ar, HR) = (D(R), ®%, R)
Proof sketch. Take D, € Chg, then H,(D,) = Exty"(R,D,) = ExtB'ER)(R, D.). Thus R is a compact genera-
tor.

Thus D(R) ~ Mods(Sp), where A = Endpr)(R), but we check

_ R n=0
o else,

so A ~ HR. O

7n(A) = Exty!p (R R)

Shipley proved this in model categories in early 2000’s.

4.8 Universal trace methods for algebraic K-theory

Recall: for R € Ring, we can define Ko(R) = Ko(P(R)). The latter Ky is Grothendieck group completion of
commutative monoids, and here P(R) is iso classes of finitely generated projective (right) R-modules.

If M® N = R", then [M] + [N] = [R"] in Ko(R). That is, exact sequences split in Ko(R).

Eilenberg swindle: If we just did projective, not also finitely generated, we would get 0 because any
projective M has M & N = R" for some N, n, hence we could take

RP=MoNoM&N&®---

Since M & R® = R*, this would imply [M] = 0.

L 5 EILINBIRE

e ® QNINDLE

Definition 4.8.1. K, (R) = ,,(BGL(R)* X Koq(R)).

Here GL(R) = colim,, GL, (R), and the plus construction is the universal H-space receiving a map from
BGL(R), abelianizing nq, ...

Note that BGL(R)* X Ky(R) is an infinite loop space. It admits a Gersten-Wagoner delooping.

K-theory can be generalized to a much wider context, e.g. exact categories, and stable co-categories.
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For example R corresponds to the stable co-category Modg);t(Sp). Taking compact objects is again to

avoid size issues.
Blumberg-Gepner-Tabuada: Define connective K-theory as a functor

Cat®t — Sp=0,
where Cat® is the category of stable co-categories and exact functors (preserves finite limits and colimits).
0o gory g p

Definition 4.8.2. Let Catffoerf C Cat®® be the full subcategory spanned by idempotent-complete categories.

We have that € is idempotent complete if for all X € €, and any e : X — X in C such that ¢? ~ e, we
have a splitting onto its image.

F.g. projective modules are idempotent complete, free modules are not.

Idempotent completion is a left adjoint to the inclusion:

Idem : Cat® & Cat2' ..

We have that Idem(C) = Ind(C)« (BGT 2.20).

Think of an idempotent complete stable co-category as the compact objects of a presentable stable oco-
category.

To define K(€) for € € Cat?™" we can take

K(C) =1S.C7[.
K-theory is comprised of two concepts:
e abelian group completion
e splitting exact sequences
Definition 4.8.3. Let A La5 € be exact functors btw stable co-categories.
1. Say F is a Morita equivalence if Idem(F) is an equivalence of co-categories
2. The sequence is ezact if F is fully faithful, G o F ~ 0, and € ~ B/A in Cat?™",

3. The sequence is split exact if there exist right adjoint functors F’,G’ to F, G, respectively, so that
F'F =id and GG’ =id.

Definition 4.8.4. Let E : Cat! — D where D € PrSLt. We say E is additive if it:
1. inverts Morita equivalences
2. preserves filtered colimits
3. sends split exact sequences to split (co)fiber sequences in D, i.e. E(B) ~ E(A) vV E(B).

Take
em op S op op
Cat®t 24, catPer o, Fun ((Catgfrf) ,s) e, Fun((Catg,“f) ,Sp) — Fun((Catg,“f) ,Sp)/~

where we mod out by split exact sequences.
We call the resulting object M,qq4, and the composition

Uaqa : Catlh — Mada.
This functor is the universal additive invariant, in the sends that
L Waaa st
Fun™(M,qq, D) —— Funqq(Catl,, D)

for all D € Prk.
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Definition 4.8.5. For € € Cat®™!, we define
K(€) = Homyy,,, (Uaaa(Sp™"), Uaaa(€)) € Sp=°.

We can make this universal property monoidal: if € is a symmetric monoidal co-category, then K(C) is
an E, ring spectrum.

Can construct ® in Cat?®™ similar to Pr. This induces a monoidal structure on Funadd(CatEOerf, Sp) by
Day convolution.

Here U,qq is strong monoidal. Then for all D € Algg (Prl), we get

Fun®/¥(M,q4, D) = Fun'®¥ (Catt™, D).

Application: Dennis trace K(R) — THH(R). Here THH(R) = R Agager R. If R is a k-algebra, get
H.(R) = H.(R ®Rgger R) = TorF®R" (R, R).

Can replace R by any stable co-cat C. Here

THH(C) = colim (- - - U(ey,..ep) Clen-1,¢n) A=+ A Clcn,co)) -

Here THH(Mod®™) = THH(R).

We have THH : Cat®® — Sp=Y. It is an additive invariant (clearly preserves Morita equivalence and
filtered colimits). Can use Dennis-Waldhausen-Morita argument to show it sends split exact sequences to
cofiber sequences.

Theorem 4.8.6. Let E be any additive invariant, i.e. E € Funaqq(Cat®,Sp). Then Nat (K, E) ~ E(Sp'"'h).

We see that
Nat (K (=), THH(-)) = THH(Sp"") ~ THH(S) =~ S.
Applying mg, we get that
[K(C), THH(C)] = oS = Z.

Given F : K(C) —» THH(C), we get

S = Map(Uaaa (Sp™™), Unga (Sp™™)) = K(S) 5> THH(S) =~ S.

The Dennis trace picks up 1 € Z.
We can view K(R) — THH(R) via

BGL,(R) —» BY°GL,(R) —» BY°M,(R) — B“°R.
On my, we get

For R € Ring, we send [P] — tr(idp & 0).
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